November 1984

Simplicial Quantum Gravity*

Herbert W. Hamber

Institute for Advanced Study Princeton, NJ 08540, USA

ABSTRACT

Quantum gravity on a lattice in a formulation due to Regge is reviewed in view of possible applications to renormalizable asymptotically free higher derivative theories of gravity.

* Les Houches lecture notes 1984.

Contents

1. Higher derivative quantum gravity

1.1 Introduction 1.2 Unboundedness of the Einstein action 1.3 Renormalizable asymptotically free theories of gravity

2. Gravity on piecewise linear spaces

2.1 Triangulations of smooth manifolds 2.2 Description of local curvature in terms of deficit angles 2.3 Regge action and equations of motion 2.4 Local gauge invariance and Bianchi identities

3. Formulation of higher derivative terms

3.1 Construction of R^2-type terms 3.2 Convergence to the continuum; the regular tessellations of S^n 3.3 Other higher derivative terms 3.4 Expansion around flat space 3.5 Expansion around a regular tessellation of S^n

4. Quantum Gravity Beyond Perturbation Theory

4.1 Choice of underlying lattice structure 4.2 Functional integral and definition of the measure 4.3 Numerical results : two dimensions 4.4 Numerical results : four dimensions

5. Appendices

1. Higher derivative gravity

1.1 Introduction

It has been known for some time that if one attempts to quantize the Einstein theory of gravity one encounters two major difficulties. The field equations for the metric are derived from an action that is unbounded from below, and the path integral is therefore mathematically ill-defined. Furthermore the coupling constant in Einstein gravity (Newton’s constant) has dimension of inverse mass squared (in units h = c = 1), and this leads to a non-renormalizable quantum theory, as can be verified by doing explicit Feynman diagram perturbation theory^{(1−3)}.

One possible attitude is to hope that these problems will be cured in the context of a grand unified theory like supergravity. Alternatively, one might argue that the above problems hint to a fundamental incompatibility between gravity and quantum mechanics, and any modification of the Einstein action will in general lead to new undetermined parameters.

Of course the argument about naturalness and simplicity of the Einstein theory can be turned around, in the sense that a quantum theory of gravity should just provide the answer for why, starting with the most general microscopic theory consistent with general invariance principles, some terms appear in the low energy effective Lagrangian and others do not. The question then becomes of course a dynamical one. In other field theoretic contexts this phenomenon is connected with the flow of the coupling constants as the length scale at which the theory is probed is changed, and the concept of scaling dimensions and operator relevance^{(4)}.

Within the framework of continuum local field theories, the alternative possibility is thus to include in the action those terms that are generated by renormalization, and see whether the resulting action leads to a tractable and perhaps meaningful quantum theory^{(5)}. It turns out that only two additional terms, involving fourth derivatives of the metric, need to be added to the Einstein action in order to obtain a perturbatively renormalizable theory, and cure at the same time the unboundedness problem^{(6)}. More remarkably, the resulting theory is asymptotically free in the new coupling constants (if they are chosen with the right sign) and is thus ultraviolet stable^{(7−9)}. Furthermore, because of the asymptotic freedom the infrared behavior of the theory is computable and cutoff-independent. This suggests that some class of higher derivative gravity theories with a cutoff can be defined, such that a truly cutoff independent continuum limit exists, and can be constructed using the renormalization group.

Unfortunately, as will be further discussed below, it appears that the theory has some potential problems with unitarity. If one looks at the tree level graviton propagator one finds that it exhibits a massive ghost pole. It has been argued that radiative corrections restore the unitarity of the theory (by decoupling the ghosts), but it seems unlikely that these and other questions (like the recovery of a Newtonian limit) can be answered within the context of weak coupling perturbation theory. In fact the complexity of the theory resembles Quantum Chromo-Dynamics, for which other tools (like the lattice regularization and nonperturbative methods) are needed to control and understand the low energy, large distance properties. It is in this spirit that one has decided to turn to a discrete formulation of quantum gravity. The lattice is introduced as an aid to formulating and calculating the theory in the same way that one uses finite differences both to define derivatives and to obtain approximate numerical solutions of differential equations. For recent reviews of Yang-Mills theories defined on a lattice see references [11].

Gravity on a lattice was in fact formulated some time ago by Regge^{(12)}. In his work he showed that lattice gravity can be described by a simplicial net in which the elementary variables are the edge lengths connecting the points in the net^{(13−16)}. The idea that continuum Riemannian geometry should be defined by some limiting procedure on piecewise flat manifolds goes back to Riemann himself. Here Regge’s formulation and its extension to higher derivative gravity will be presented and discussed in some detail. It is clear that if some class of higher derivative gravity theories is well defined and has a sensible low energy limit, it should agree with the experimental evidence. This suggests that the effects of the higher derivative terms should vanish in the low energy limit, and that the observed smallness of the cosmological constant be explained in a natural way as a consequence of renormalization effects. These are questions that presumably can best be answered by studying the dynamics of the theory on a space-time lattice.

1.2 Unboundedness of the Einstein action

Consider the euclidean Einstein action without a cosmological constant term

I_E = − 1 16πG ∫ d^4x √ g R. (1.1) where G is Newton’s constant, √ g is the determinant of the metric g_{μν}, and R is the scalar curvature. Here boundary terms have been dropped, and couplings to matter fields are not considered. Variation with respect to the metric leads to the classical equations of motion for the gravitational field in a vacuum δI_E = 0 ⇒ R_{μν} − 1 2 g_{μν}R = 0 (1.2)

If one attempts to write down a path integral of the form Z = ∫ geometries e^{−IE} (1.3) (which will in general depend on a specified initial and final three-geometry) one soon realizes that it appears ill defined due to the fact that the scalar curvature can become arbitrarily positive (or negative). This in turn is a consequence of the fact that while gravitational radiation has positive energy, gravitational potential energy is negative because gravity is attractive. The gravitational action is unbounded from below and the functional integral strongly depends on how the unboundedness is cut off^{(1)}. To see more clearly that the gravitational action can be made arbitrarily negative consider a conformal transformation g̃_{μν} = Ω^2g_{μν} where Ω is a positive function. Then the Einstein action transforms into I_E (g̃) = − 1 16πG ∫ d^4x √ g (Ω^2R + 6 g^{μν}∂_μΩ∂_ν Ω). (1.4)

which can be made arbitrarily negative by choosing a rapidly varying conformal factor Ω.

A second serious problem is connected to the fact that the coupling constant G^{−1} has dimension of mass to the power (d − 2) and suggests that the theory is not perturbatively renormalizable above two dimensions. It has been shown that close to four dimensions in order to renormalize the theory at one loop one needs to introduce higher derivative counterterms, which are needed to cancel the divergences proportional (in dimensional regularization) to^{(2)}

ΔI = 1 8π^2(d − 4) ∫ d^4x √ g ( 1 240 R_{μνρσ}R^{μνρσ} + 1 80 R^2) (1.5)

A possible solution to the unboundedness problem has been described by Hawking^{(1)}, who suggests performing the integration over all metrics by first integrating over conformal factors distorting the integration contour in the complex plane to avoid the unboundedness problem, followed by an integration over conformal equivalence classes of metrics.

A second possibility is to add to the Einstein action extra terms, including higher derivative ones like R^2, in a carefully chosen combination which makes the total action bounded from below. It turns out that only up to fourth derivative terms need to be considered in order to cure the renormalizability problem. Thus one is led to consider the extended gravitational action^{(7)} I = ∫ d^4x √ g [ λ − kR + 1 4 aR_{μνρσ}R^{μνρσ} + 1 3 (b − a 4 )R^2 ] (1.6)

with a cosmological constant term (proportional to λ), the Einstein term (k = 1/16πG where G is the bare Newton constant), and two higher derivative terms with additional dimensionless coupling constants a^{−1} and b^{−1}. An action for pure gravity of this form was first considered by Weyl and Pauli^{(17)}. It is shown in Appendix A that, even though there are four possible higher derivative terms in four dimensions which do not give rise to topological invariants (proportional to integrals of C^2_{μνρσ}, R^2_{μνρσ}, R^2_{μν} and R^2), only two are found to be independent for a manifold of fixed topology, if one uses some identities for the Riemann tensor and the integral expression for the Euler characteristic^{(18)}.

1.3 Renormalizable Asymptotically Free Theories of Gravity

The higher derivative action of eq. (1.6) was shown to be power counting renormalizable^{(5)} and, later, renormalizable to all orders in perturbation theory^{(6)}. Perturbation theory is usually performed around flat space, which requires λ = 0. One sets g_{μν} = η_{μν} + h_{μν} and expands the action in powers of h_{μν} . (If λ is nonzero, one has to expand around a solution of the classical equations of motion for higher derivative gravity^{(58)} with a λ term, and the solution will no longer be constant over space-time). The quadratic part of the action is

I_{linearized} = 1 2 ∫ d^4x [ h_{μν} { k 2 + a 2 (−△)}(−△)P^{(2)}_{μνρσ} h_{ρσ} +h_{μν} {−k + 2b(−△)}(−△)P^{(0)}_{μνρσ} h_{ρσ} ] (1.7)

where P^{(2)} and P^{(0)} are projection operators for the spin-two and spin-zero modes, respectively, of the linearized gravitational field, given in Appendix A, and △ is the 4-d Laplacian. As can be seen, the spin-zero mode is responsible for the unboundedness of the pure Einstein action, since its kinetic term comes with the wrong sign. (In the linearized action it appears as a ghost contribution). For positive a and b the full action is on the other hand bounded from below for λ > 3k^2/8b^{(7)}.

Including radiative corrections to one loop order one finds that the theory is asymptotically free in the couplings a and b. To this order (small a^{−1}, b^{−1}) the renormalization group equations for the two higher derivative couplings and the dimensionless cosmological constant λ̄ = aλ/k^2 are^{(7)} ∂a ∂ ln L = β_a = 1 16π^2 133 10 + · · · a ∂(b/a) ∂ ln L = β_b − b a β_a = 1 16π^2 [10b2 3a^2 − 183b 10a − 1 12 ] + · · · a ∂λ̄ ∂ ln L = 1 16π^2 [ − 20b 3a + a 6b + 183 10 ] λ̄ + 5 4 + a^2 16b^2 + · · · (1.8)

where L is the cutoff in momentum space. The first equation gives an ultraviolet fixed point at a^{−1} = 0, and the second one shows that there is an ultraviolet fixed point at b/a = (549 − √ 302401)/200 ≈ −0.0046. (remarkably, this number is rather small, and it is not clear whether its finiteness could be an artifact of the one-loop computation. Note that while a^{−1} and b^{−1} are assumed to be small to start with, b/a is neither small nor large). The + -sign for the root gives on the other hand an infrared fixed point at b/a ≈ +5.4946. Therefore also the coupling b is asymptotically free, under the assumption b < 0. The theory with the Weyl C^2 term alone (b = 0) is conformally invariant, but not perturbatively renormalizable because of the conformal anomaly^{(7)}. Due to the existence of the infrared fixed point in b/a, the renormalized dimensionless cosmological constant λ/k^2 can be driven to zero in the infrared, if it is sufficiently small to start with. This conclusion is of course only true if the quartic and quadratic divergences in λ and k are shown to vanish to all orders. This point will be discussed further below.

In order to see the problems with unitarity consider the graviton propagator for higher derivative gravity in the weak field limit. In momentum space the free propagator for λ = 0 can be written as 1 k < h_{μν} (q)h_{ρσ}(−q) > = 2P^{(2)}_{μνρσ} q^2 +^a_k q^4 + P^{(0)}_{μνρσ} −q^2 +^{2b}_k q^4 + gauge terms

= 2P^{(2)}_{μνρσ} [ 1 q^2 − 1 q^2 +^k_a ] + P^{(0)}_{μνρσ} [ − 1 q^2 + 1 q^2 −^k_{2b} ] + gauge terms (1.9) The higher derivative terms improve the ultraviolet behavior of the theory since the propagator now falls of as 1/q^4 for large q^2. On the other hand the theory has a spin-two ghost of mass m_2 = μ/ √ a and a spin-zero particle of mass m_0 = μ/ √ −2b where μ = √ k is the Planck mass.

The presence of massive states in the tree level graviton propagator indicates also short distance deviations from the static Newtonian potential, which in higher derivative gravity (in the weak field limit) has the form

h_{00} ∼ 1 μ [ 1 r − 4 3 e^{−m2r} r + 1 3 e^{−m0r} r ] (1.10)

In the absence of the Einstein term (k = 0) the potential is linear in r and the theory is strongly infrared divergent, and it is not completely clear whether weak coupling perturbation theory around the tree level solution is really trustworthy. The masses that give the potentially dangerous exponential corrections to the 1/r behavior are of course bare masses, and the full renormalized gauge invariant part of the potential should be computed nonperturbatively (as in QCD) before any meaningful comparison with experiment is attempted. In fact the one loop result for the running coupling a (β_a is the one loop coefficient of the beta function for the coupling a)

a^{−1}(r) = a^{−1}(r_0) 1 + a^{−1}(r_0)β_a ln(r_0/r)

(1.11)

suggests strongly that the asymptotic freedom (running) coupling constants grow indefinitely in the infrared regime, and the massive ghost becomes increasingly heavy as r_0/r goes to zero (low energy limit), and possibly decouples completely lim r/r0 →∞ m_2(r) = μ √ a(r_0)

(1 + a^{−1}(r_0)β_a ln r r_0

)^{12} = ∞ (1.12)

Here r_0 is the cutoff scale, not to be confused with the inverse Planck mass. The same reasoning can be applied to the massive spin-zero state.

These considerations are in fact far from being rigorous, but one should keep in mind that the one-loop result is qualitatively correct in λϕ^4 and Yang-mills theories in four dimensions. Also one should notice the fact that the graviton propagator as defined above is not gauge invariant. This is analogous to the gluon propagator in QCD : the perturbative massless gluons are in fact confined in massive glueballs and there is no gluon state in the physical gauge invariant spectrum. (The situation in gravity has of course to be different to some extent, since massless gravitons presumably do exist). Therefore the real question to answer is whether the massive additional states contribute to gauge invariant correlation functions in the low energy, large distance limit, in a way which is consistent with present experimental evidence.

Another potential problem is connected with the cosmological constant λ, whose value is observed to be of the order of 10^{−122} or less, in units of the Planck mass. (Experimentally one has 1/ √ G = 1.2 × 10^{19}GeV and λ < (0.003eV )^4). In higher derivative gravity one would expect on dimensional grounds a quartic divergence

λ_R = λ_0 + c_4L^4 + c_2L^2 + O(ln L) (1.13)

(L ∼ r^{−1}_0 is the ultraviolet cutoff), which has then to be canceled by fine-tuning the bare cosmological constant to one part in 10^{122}, a rather unnatural procedure.

The procedure of setting all quartic and quadratic divergences equal to zero, as in dimensional regularization^{(2)}, seems somewhat formal and ad hoc, and clearly does not provide a physical explanation. On the other hand it has been argued that the quartic divergence for λ is absent to all orders in perturbation theory (c_4 = 0) for an appropriate choice of measure for the g_{μν} fields^{(7)}. The unique local gauge invariant measure is dμ(g) = ∏ x g^{− d+12} ∏ μ≥ν dg_{μν} (1.14)

which is also scale invariant^{(19,20)}. It is known that the measure can play a delicate role in canceling some spurious divergences in loop diagrams, that arise when a continuous symmetry is explicitly broken. An interesting point of view on the relevance of the measure in the quantum theory is presented in the second of reference [3]. There it is argued that ambiguities in the definition of the measure reflect the lack of a unique definition for the metric tensor at short distances.

For completeness we list here the quadratic one-loop divergences^{(7)} (quartic divergences are zero for the scale invariant measure)

λ_R =λ_0 + k_0 2a (5 − a 2b ) L^2 16π^2

+ O(ln L)

k_R =k_0 + 1 2 ( 10b 3a − 5)

L^2 16π^2

+ O(ln L)

(1.15)

where the subscript R denotes renormalized quantities and 0 bare ones. It appears surprising that these divergences are present, since the scale invariance of the measure suggests that the formal functional integral for pure gravity can only depend on the dimensionless couplings λ/k^2, a and b.

In conclusion it appears clear that further study of higher derivative gravity might require non-perturbative methods. If the theory is correct, it should allow one to explain the smallness of the cosmological constant and should give definite predictions (in units of the renormalized, effective low energy Planck mass) for its value and the value of the masses of gauge invariant states that set the scale for possible deviations from the predictions of Einstein gravity. It is in this spirit that Regge’s lattice formulation of gravity is now described.

2. Gravity on Piecewise Linear Spaces

2.1 Triangulations of Smooth Manifolds

The following sections are based on the description of gravity known as Regge calculus^{(12−16)}, in which the Einstein theory is expressed in terms of simplicial decompositions of space-time manifolds. Its use in quantum gravity is prompted by the desire to make use of techniques developed in lattice gauge theories, but with a lattice which reflects the structure of space-time rather than just providing a flat passive background. It also allows one to use powerful nonperturbative analytical techniques of statistical mechanics and numerical methods. A regularized lattice version of the continuum field theory is also a necessary prerequisite for any rigorous study of the latter.

Most lattice formulations of gravity so far have been based on flat hypercubical lattices^{(21)}. For such lattices, the formulation of R^2-type terms in four dimensions involves constraints between the connections and the tetrads, which are difficult to handle. Also there is no simple way of writing down topological invariants, which are either related to the Einstein action (in two dimensions), or are candidates for extra terms to be included in the action^{(1)}. A flat hypercubic lattice action has been written with higher derivative terms which appears to be reflection positive but has a very cumbersome form. We shall see how these difficulties need not be present on a simplicial lattice (except that it is not known how to write an exact expression for the Hirzebruch signature in lattice terms^{(22)}).

In Regge gravity the infinite number of degrees of freedom in the continuum is restricted by considering Riemannian spaces that are described by only a finite number of variables, the geodesic distances between neighboring points. Such spaces are taken to be flat almost everywhere and are called piecewise linear^{(23−26)}. The elementary building blocks for d-dimensional space-time are simplices σ^d of dimension d. A 0-simplex is a point, a 1-simplex is an edge, a 2-simplex is a triangle, a 3-simplex is a tetrahedron. A d-simplex is a d-dimensional object with d + 1 vertices and d(d + 1)/2 edges connecting them. It has the important property that the values of its edge lengths specify the shape (and therefore the relative angles) uniquely.

A simplicial complex can be viewed as a set of simplices glued together to each other in such a way that either two simplices are disjoint or they touch at a common face. The relative position of points on the lattice is thus completely specified by the incidence matrix (it tells which point is next to which) and the edge lengths, and this in turn induces a metric structure on the piecewise linear space. Finally the polyhedron constituting the union of all the simplices of dimension d is called a geometrical complex or skeleton. The transition from a smooth triangulation of a sphere to the corresponding secant approximation is illustrated in fig. 1.

A manifold can then be defined by its relationship to a piecewise linear space: a topological space is called a closed d-dimensional manifold if it is homeomorphic to a connected polyhedron, and furthermore, if its points possess neighborhoods which are homeomorphic to the interior of the d-dimensional sphere^{(23)}.

2.2 Description of Local Curvature in Terms of Deficit Angles

The curvature on a two-dimensional surface is defined locally by the ratio (curvature) = rotation of vector area circumnavigated (2.1)

and the area centered on the point one is considering is supposed to be small. A similar definition applies in higher dimension, but with the difference that in d dimension there are d(d − 1)/2 independent surfaces to be considered and d components for the rotated vector. This leads in the continuum to a description of local curvature in terms of the d^2(d^2 − 1)/12 components of the Riemann curvature tensor R_{μνρσ}^{(27)}. The Riemann tensor can be completely reconstructed from a set of independent sectional (gaussian) curvatures^{(28−30)}.

Curvature on the piecewise linear space is described in terms of deficit angles δ_h(σ^{d−2}) assigned to each simplex (‘hinge’ h) σ^{d−2} of dimension d − 2. In two dimension one considers a number of triangles that meet on a common vertex. A dihedral angle θ_d is associated with each triangle at that vertex. The deficit angle δ_h is then defined as

δ_h = 2π − ∑ triangles meeting on h

θ_d (2.2)

The two-dimensional case is illustrated in fig. 2.

In three dimensions several tetrahedra meet on a common edge, and with each tetrahedron a dihedral angle can be associated at the given edge. The three-dimensional case is illustrated in fig. 3.

Figure 3

In four dimensions several four-simplices meet on a common triangle, and with each four-simplex a dihedral angle can be associated at the given triangle. This is illustrated in fig. 4.

Thus in d dimensions several d-simplices meet on a (d − 2)-dimensional hinge, and the deficit angle is defined by

δ_h = 2π − ∑ d�simplices

meeting on h

θ_d (2.3)

Figure 4

The sine of the dihedral angle is given by the formula^{(27)}

sin θ_d = d d − 1 V_dV_{d−2} V_{d−1}V^′_{d−1} (2.4)

where V_{d−2} is the volume of the hinge, V_d is the volume of the d-simplex, and V_{d−1}, V^′_{d−1} the volumes of the two (d − 1)-dimensional faces that meet on the hinge. But since the sine does not determine the angle, another formula is needed which uniquely determines the angle. This formula is given in Appendix B.

In piecewise linear spaces curvature is detected by going around elementary loops which are dual to a (d − 2)-dimensional subspace. Still the area of the loop is not well defined, since any loop inside the d-dimensional simplices bordering the hinge will give the same result for the deficit angle. On the other hand the hinge has a content (the length of the edge in d = 3 and the area of the triangle in d = 4), and there is a natural volume associated with each hinge, defined by dividing the volume of each simplex touching the hinge into a contribution belonging to that hinge, and other contributions belonging to the other hinges on that simplex^{(31)}. The contribution belonging to that simplex will be called dihedral volume V_d. The volume V_h associated with the hinge h is then naturally the sum of the dihedral volumes V_d belonging to each simplex

V_h = ∑ d�simplices

meeting on h

V_d (2.5)

The dihedral volume associated with each hinge in a simplex can be defined using dual volumes, a baricentric subdivision^{(23)} or some other natural way of dividing the volume of a d-simplex in d(d + 1)/2 parts. If the theory has some reasonable continuum limit, then the final result should not depend on the detailed choice of volume type. This assumption is the analog of the statement that the value of the Riemann integral is independent of the particular choice of the subdivision of the interval of integration occurring in the Riemann sum.

There is a well-established procedure for constructing a dual lattice for any given lattice^{(32)}. This involves constructing polyhedral cells, known in the literature as Voronoi polyhedra, around each vertex, in such a way that the cell around each particular vertex contains all points which are nearer to that vertex than to any other vertex. Thus the cell is made up from (d − 1)-dimensional subspaces which are the perpendicular bisectors of the edges in the original lattice, (d − 2)-dimensional subspaces which are orthogonal to the 2-dimensional subspaces of the original lattice, and so on. Formulas for dual volumes are given in Appendix B. In the case of the baricentric subdivision, the dihedral volume is just 2/d(d + 1) times the volume of the simplex. This leads one to conclude that there is a natural area A_{Γh} associated with each hinge Area of loop = A_{Γh} ∝ V_h A^{(d−2)} h (2.6)

obtained by dividing the volume per hinge (which is d-dimensional) by the volume of the hinge (which is (d − 2)-dimensional).

2.3 Regge Action and Equations of Motion

Before discussing the construction of higher derivative terms, the lattice analogue of the Einstein action will next be introduced. In a d-dimensional piecewise linear spacetime, the expression analogous to the Einstein action was given by Regge^{(12)} as

I_R = ∑ hinges h A^{(d−2)} h δ_h (2.7)

where A^{(d−2)}_h is the volume of the hinge and δ_h is the deficit angle there. The action is the equivalent for a simplicial decomposition of the continuum expression

I_E = 1 2 ∫ d^dx √ g R (2.8) and indeed it has been shown^{(25,26,32−35)} that I_R tends to the continuum expression as the Regge block size (or the average edge length) tends to zero. In two dimension the discrete analogue of the Gauss-Bonnet theorem holds

I_R = ∑ h δ_h = 2πχ (2.9) where χ is the Euler characteristic (two minus twice the number of handles of the surface). This remarkable identity ensures that two-dimensional lattice R gravity is as trivial as in the continuum, since the variation of the local action density under a small variation of an edge length l_p is still zero (more precisely, it can be written as a boundary term) ∑ h⊂l_p δ(δ_h) = 0 (2.10)

Here the sum is over hinges that are affected by the change of the edge l_p. In higher dimensions variation of I_R with respect to the edge lengths gives the simplicial analogue of Einstein’s equations, whose derivation is particularly simplified by the fact that the variation of the deficit angle is zero in any dimensions δI_R = ∑ h δ(A^{(d−2)}_h )δ_h (2.11)

(In the continuum one also finds that to first order the variation of the curvature gives rise to a total derivative).

Figure 5

This then implies the equations of motion δ_h = 0 for every hinge h in three dimensions. In four dimensions variation with respect to l_p yields^{(12)} 1 2 l_p ∑ h⊃l_p δ_h cot θ_{ph} = 0 (2.12) where the sum is over hinges (triangles) labeled by h meeting on the common edge p, and θ_{ph} is the angle in the hinge h opposite to the edge p. This is illustrated in fig. 5.

A solution to the skeleton equation can then be found by adjusting the edge lengths. Since the equations are non-linear in the edge length variables, the existence of multiple solutions cannot in general be ruled out. Several authors have discussed the applications of the Regge equations to problems in classical general relativity such as the Schwarzschild and Reissner-Nordstrom geometries, the Friedman and Tolman universes

(36,37), and the problem of radial motion and circular (actually polygonal) orbits(38).

2.4 Local Gauge Invariance and Bianchi Identities

Consider the two-dimensional flat skeleton shown in fig. 6. It is clear that one can move around a point on the surface, keeping all the neighbors fixed, without violating the triangle inequalities and leave all curvature invariants unchanged.

Figure 6

In d dimensions this transformation has d parameters and is an exact invariance of the action. When space is slightly curved, the invariance is in general only an approximate one, even though for piecewise linear spaces piecewise diffeomorphisms can still be defined as the set of local motions of points that leave the action, the measure and the lattice analogues of the continuum curvature invariants unchanged. In the limit when the number of edges becomes very large, the continuum diffeomorphism group should be recovered.

Before discussing the Bianchi identities, it is useful to interpret some of the above definitions and results in terms of the parallel transport of a test vector around a small loop. Consider a closed path Γ encircling a hinge h and passing through each of the simplices that meet at that hinge. In particular one may take Γ to be the boundary of the polyhedral dual area surrounding the hinge.

For each neighboring pair of simplices j, j + 1, one may write down a Lorentz transformation L^ν_μ , which describes how a given vector ϕ_μ transforms between the local coordinate systems in these two simplices^{(31)}

ϕ^′_μ = [ L(j, j + 1) ]_ν μ ϕ_ν (2.13)

(Note that it is possible to choose coordinates so that L^ν_μ is the unit matrix for one pair of simplices, but it will not then be unity for other pairs). The Lorentz transformation is related to the path-ordered (P ) exponential of the integral of the connection (Γ_λ)^ν_μ = Γ^ν_{μλ} by L^ν_μ = [ P e ∫_{path}

between simplices Γ_λdx^λ ] ν μ (2.14)

The connection here has support only on the common interface between the two simplices. The product of these Lorentz transformations around a closed elementary loop Γ is then given, for smooth enough manifolds, by [ ∏ pairs of simplices on Γ L(j, j + 1) ]_ν μ ≈ [ e^{R.ρσ Σρσ} ]_ν μ (2.15)

where (R^._{ρσ})^ν_μ = R^ν_{μρσ} is the curvature tensor and Σ^{ρσ} is a bivector in the plane of Γ, with magnitude equal to 1/ √ 2 times the area of the loop Γ. (For a parallelogram with edges a^ρ and b^ρ, Σ^{ρσ} =^1_2 (a^σ b^ρ − a^ρb^σ). The total change in a vector ϕ_μ which undergoes parallel transport around Γ is then given by

ϕ^′_μ = ϕ_μ + δϕ_μ = [ ∏ pairs of simplices on Γ L(j, j + 1) ]_ν μ ϕ_ν (2.16)

which reproduces to lowest order the usual parallel transport formula

Δϕ_μ = R^ν_{μρσ}Σ^{ρσ}ϕ_ν (2.17)

On the Regge skeleton the effect of parallel transport around Γ is described by [∏ j L(j, j + 1) ] μν = [ e^{δhU (h)..} ] μν (2.18)

where U^{(h)}_{μν} is a bivector orthogonal to the hinge h, defined in 4 dimensions by

U^{(h)}_{μν} = 1 2A_h ϵ_{μνρσ}l^ρ_{(a)}l^σ_{(b)} (2.19) and l^ρ_{(a)} and l^ρ_{(b)} are the vectors forming two sides of the hinge h. Note that the validity of the simplicial parallel transport formula given above is not restricted to small deficit angles. Comparison of equations (2.15) and (2.18) means that we may make the identification R_{μνρσ}Σ^{ρσ} → δ_hU^{(h)}_{μν} (2.20) It is important to notice here that this relation does not give complete information about the Riemann tensor, but only about its projection in the plane of the loop Γ orthogonal to the hinge. In fact the deficit angle divided by the area of the loop can be taken as a definition of the local sectional curvature K_h^{(28)} δ_h A_{Γh} = K_h = R_{μνρσ} e^μ_a e^ν_b e^ρ_ae^σ_b (g_{μρ}g_{νσ} − g_{μσ}g_{νρ})e^μ_a e^ν_b e^ρ_ae^σ_b (2.21)

which represents the projection of the Riemann curvature in the direction of the bivector e_a ∧ e_b. For a continuous space of constant curvature the K’ are independent of the direction of the bivector, and one has R_{μνρσ} = K(g_{μν} g_{ρσ} − g_{μρ}g_{νσ}) (2.22) This is analogous to the expression suggested in reference [31] for the Riemann tensor at a hinge, R^{(h)}_{μνρσ} = δ_h A_{Γh} U^{(h)}_{μν} U^{(h)}_{ρσ} (2.23)

and one is possibly neglecting terms in R_{μνρσ} which vanish when projected in the plane of the loop Γ. This is a reason why one encounters problems if one tries to use (2.23) as a formula giving full information about R_{μνρσ} in Regge calculus. (This point is further discussed in section 3.3). Note however that (2.23) does have all the correct symmetries of the Riemann tensor.

The parallel transporters around closed elementary loops satisfy the lattice analogues of the Bianchi identities. In the continuum the Bianchi identities read ∂R_{μνρσ} ∂x^λ + ∂R_{μνλρ} ∂x^σ + ∂R_{μνσλ} ∂x^ρ = 0 (2.24)

On the simplicial lattice the Bianchi identities are derived by considering closed paths in four dimensions that can be shrunk to a point without entangling any hinge. The product of rotation matrices associated with the path then has to give the identity matrix^{(12,16)}. Thus, for example, the ordered product of rotation matrices associated with the triangles meeting on a given edge has to give one, since a path can be constructed which sequentially encircles all the triangles and is topologically trivial ∏ hinges h meeting on edge p [ e^{δh U (h)..} ] μν = 1 (2.25)

Other identities might be derived by considering paths that encircle hinges meeting on one point. Regge has shown that the above lattice relations correspond to the continuum Bianchi identities^{(12)}. These equations also parallel the lattice Bianchi identities in lattice gauge theories.

3. Formulation of Higher Derivative Terms

3.1 Construction of R^2-type Terms

Next generalizations of the Regge calculus equivalent of the Einstein action will be constructed. First consider a cosmological constant term, which in the continuum theory takes the form λ ∫ d^dx √ g. The expression for the cosmological constant term on the lattice involves the total volume of the simplicial complex. This may be written as

V_{total} = ∑ d−simplices

V_{simplices} (3.1)

or equivalently as V_{total} = ∑ hinges h

V_h (3.2)

where V_h is the volume associated with each hinge, as described above. Thus one may regard the invariant volume element √ gd^dx as being represented by either V_h or V_{simplex}.

Secondly, one wishes to find a term equivalent to the continuum expression 1 4 ∫ d^dx √ gR^2, and the remainder of this section will be concerned with this problem^{(31)}.

It may be objected that since in Regge calculus where the curvature is restricted to the hinges which are subspaces of dimension 2 less than that of the space considered, then the curvature tensor involves δ-functions with support on the hinges, and so higher powers of the curvature tensor are not defined^{(33,35)}. (This argument clearly does not apply to the Euler characteristic χ = 1 128π^2 ∫ d^4x √ g ϵ^{μνκλ}ϵ^{ρσωτ} R_{μνρσ}R^{κλωτ} (3.3) and the Hirzebruch signature τ = 1 96π^2 ∫ d^4x √ g ϵ^{ρσκλ} R_{μνρσ}R^{μν}_{κλ} (3.4) which are both integrals of 4-forms). However it is a common procedure in lattice field theory to take powers of fields defined at the same point, and there is no reason why one should not consider similar terms in lattice gravity. Of course one would like the expressions to correspond to the continuum ones as the edge lengths of the simplicial lattice become smaller and smaller.

Since the curvature is restricted to the hinges, it is natural that expressions for curvature integrals should involve sums over hinges as in (2.7). The curvature tensor, which involves second derivatives of the metric, is of dimension L^{−2}. Therefore^1_4 ∫ d^dx √ gR^n is of dimension L^{d−2n}. Thus if one postulates that an R^2 term will involve the square of A_hδ_h, which is of dimension L^{2(d−2)}, then one will need to divide by some d-dimensional volume to obtain the correct dimension for the extra term in the action. Now any hinge is surrounded by a number of d-dimensional simplices, so the procedure of dividing by a d-dimensional volume seems ambiguous. The crucial step is to realize that there is a unique d-dimensional volume associated with each hinge, as described above.

If one regards the invariant volume element √ gd^dx as being represented by V_h when one performs the sum over hinges as in equation (2.7), then this means that one may regard the scalar curvature R as being represented at each hinge by 2A_hδ_h/V_h 1 2 ∫ d^dx √ g R → ∑ hinges h V_h A_hδ_h V_h ≡ ∑ hinges h

A_hδ_h (3.5)

It is then straightforward to see that 1 4 ∫ d^dx √ g R^2 → ∑ hinges h V_h ( A_hδ_h V_h )_2 ≡ ∑ hinges h V_h ( δ_h A_{Γh} )_2 (3.6)

where A_{Γh} was defined in eq.(2.6). If one takes equation (2.23) for the Riemann tensor on a hinge and contracts one obtains

R^{(h)} = 2 δ_h A_{Γh} (3.7)

which agree with the form used for R, and shows that the numerical factors have been chosen correctly in (2.23).

3.2 Convergence to the Continuum; the Regular Tessellations of S^n

It is of interest to see how the formulae (3.2), (3.5) and (3.6) for an R^2-type term compare with the continuum values for the regular tessellations of the two-sphere, the three-sphere and the four-sphere. (These correspond to the regular polyhedra in three, four and five dimensions^{(39)}). For regular tessellations, the volumes V_h take a very simple form since each d-dimensional simplex has its volume divided into p equal parts, where p is the number of hinges per simplex. If q d-simplices meet at each hinge, then V_h is just the sum of q of these contributions V_h = q p V (3.8)

where V is the volume of the d-simplex. Then in 2 dimensions, {p, q}, with p and q as defined here, is just the Schläfli symbol. In 3 dimensions, the Schläfli symbol is {a, b, q}, where {a, b}, is the Schläfli symbol of the 2-dimensional simplex used to build the 3- dimensional ones. (Thus {a, b}, determines the value of p as defined above). For the regular tessellations, the dihedral angles θ_d also take particularly simple forms. For example, the dihedral angle θ_d at the (d − 2)-dimensional hinge in a d-dimensional simplex satisfies cos θ_d = 1 d (3.9)

The results for the regular tessellations of S^2, S^3 and S^4 are listed below. The scale for each tessellation is set by requiring the edge lengths l to give the same total volume as a sphere in that dimension, of radius r. The scalar curvature for S^n is n(n − 1)/r^{2(41)}. The full analytic expressions and more details can be found in ref. (31,40).

Table I Regular Tessellations of S^2

∑ h δ_h ∑ h δ^2_h/V_h Tessellation N_0 Volume (≡^1_2 ∫ d^2x √ g R) (≡^1_4 ∫ d^2x √ gR^2)

Tetrahedron α_3 4 √ 3l^2 4π^{16π2√}_{3l2} ≡^{4π}_{r2}

Octahedron β_3 6 2 √ 3l^2 4π^{8π2√}_{3l2} ≡^{4π}_{r2}

Cube γ_3 8 6l^2 4π^{8π2}_{3l2} ≡^{4π}_{r2} Icosahedron 12 5 √ 3l^2 4π^{16π2}_5^√_{3l2} ≡^{4π}_{r2}

Dodecahedron 20^{3 53/4}_{23/2} (1 + √ 5)^{3/2}l^2 4π^{32√2π2}

3 53^/4(1+ √ 5)3^/2l2 ≡ 4π r2 Continuum - 4πr^2 4π^{4π}_{r2}

Table I shows the simplicial lattice predictions for the various tessellations of S^2. In two dimensions the number of hinges is equal to the number of sites N_0. The second expression in the last column is the form taken by the first expression there when the length scale is set in the way described above. For S^2, the Regge calculus equivalent of the Einstein action is exact, as indeed it must be by the Gauss-Bonnet theorem. Note that the Regge calculus expression for^1_4 ∫ d^dx √ gR^2 is also exact in this case! In Table II the results for the regular tessellations of S^3 are listed. As the number of vertices increases, the values of ∑ h l_hδ_h and ∑ h l^2_hδ^2_h/V_h tend towards the continuum expression^1_2 ∫ d^3x √ g R and^1_4 ∫ d^3x √ gR^2.

For both operators the approach to the continuum is very close to an N^{−2/3}_0 (or N^{−2/3}_1 ) behavior. These results are further evidence that the formula (2.18) is indeed the

Table II Regular Tessellations of S^3

sites hinges ∑ h l_hδ_h ∑ h l^2_hδ^2_h/V_h Tessellation N_0 N_1 (≡^1_2 ∫ d^3x √ g R) (≡^1_4 ∫ d^3x √ g R^2)

5-cell 5 10 8.461π^2r 35.789π^2r^{−1} 16-cell 8 24 7.231π^2r 26.144π^2r^{−1} Tessaract 16 32 6.880π^2r 23.681π^2r^{−1} 24-cell 24 96 6.455π^2r 20.836π^2r^{−1} 600-cell 120 720 6.121π^2r 18.735π^2r^{−1} 120-cell 600 1200 6.077π^2r 18.467π^2r^{−1} Continuum - - 6.000π^2r 18.000π^2r^{−1}

Table III Regular Tessellations of S^4

sites hinges ∑ h A_hδ_h ∑ h A2_h δ2_h V_h Tessellation N_0 N_2 (≡^1_2 ∫ d^4x √ gR) (≡^1_4 ∫ d^4x √ gR^2)

α_5 6 20 28.04π^2r^2 294.9π^2 β_5 10 80 21.08π^2r^2 166.6π^2 γ_5 32 80 20.70π^2r^2 160.0π^2 Continuum - - 16.00π^2r^2 96.00π^2

appropriate representation for an R^2-type term in the lattice action. The convergence of the numerical results for S^4 shown in Table III is not as impressive as for S^3. The problem lies in the fact that there are no other regular tessellations of S^4, and ones with 6, 10 or even 32 vertices are certainly very crude approximations to the continuum. Hence one cannot expect in this case strong evidence from the regular tessellations on the convergence to the continuum of the simplicial lattice expressions. Note also that in four dimension the lattice action evaluated at the saddle point (to lowest order) has the same functional dependence on the three couplings as the continuum action. This fact is also true in two dimensions, but not in three.

3.3 Other Higher Derivative Terms

So far the inclusion of only one of many possible higher derivative terms in the lattice action was discussed. As shown in appendix A, there are six fourth derivative terms in four dimensions, two of which are topological invariants, the Euler characteristic and the Hirzebruch signature. Let us consider these last two quantities first.

The Euler characteristic χ for a simplicial decomposition may be obtained from a particular case of the general formula for the analogue of the Lipschitz-Killing curvatures of smooth Riemannian manifolds for piecewise flat spaces^{(26)}. In two dimensions, the formula of Cheeger, Müller and Schrader reduces of course to χ = 1 2π ∑ h δ_h (3.10)

which is the exact equivalent of the Gauss-Bonnet theorem χ = 1 4π ∫ d^2x √ g R (3.11)

In four dimensions the formula becomes χ = ∑ σ0 [ 1 − ∑ σ2⊃σ0 (0, 2) − ∑ σ4⊃σ0 (0, 4) + ∑ σ4⊃σ2⊃σ0 (0, 2)(2, 4) ] (3.12)

where σ^i denotes an i-dimensional simplex and (i, j) denotes the (internal) dihedral angle at an i-dimensional face of a j-dimensional simplex. Thus, for example, (0, 2) is the angle at the vertex of a triangle and (2, 4) is the dihedral angle at a triangle in a 4-simplex (The normalization of the angles is such that the volume of a sphere in any dimension is one; thus planar angles are divided by 2π, 3-dimensional solid angles by 4π and so on).

Of course there is a much simpler formula for the Euler characteristic of a simplicial complex χ = d∑ i=0 (−1)^iN_i (3.13)

where N_i is the number of simplices of dimension i. However, it may turn out to be useful in quantum gravity calculations to have a formula for χ in terms of the angles, and hence of the edge lengths, of the simplicial decomposition. In practice, an obstacle to the use of (4.3) is that there is no simple formula for (0, 4), the solid angle at the vertex of a general 4-simplex. This is equivalent to the long-standing problem of the volume of a spherical tetrahedron^{(42)}. For a regular 4-simplex, it can be shown that (0, 4) = −^1_5 +^1_{2π} cos^{−1 1}_4 .

Furthermore, there seems to be no equivalent formula for the Hirzebruch signature for a simplicial decomposition. Formula (3.12) does not appear to be bilinear in the deficit angles, as one would have expected from our general arguments about R^2 type terms. However this may be due to the fact that the Euler characteristic is a total divergence, and so this formula is probably equivalent in some sense to evaluating the surface integral of the curvature two-form times the connection one-forms.

Let us now look in more detail at the other possible higher derivative terms mentioned at the beginning of this section. In fact in two dimensions, as shown in the appendix A, there is only one independent higher derivative term, so the R^2 term, which we have already written down, is the only possible term of dimension four. In three dimensions one needs to find also an expression for ∫ d^3x √ gR_{μν} R^{μν} . In 4 dimensions there are two independent higher derivative terms, which can be taken to be ∫ d^4x √ gR_{μνρσ}R^{μνρσ} and ∫ d^4x √ gR^2. If one considers the expression for the Riemann tensor on a given hinge R^{(h)}_{μνρσ} = δ_h A_{Γh} U^{(h)}_{μν} U^{(h)}_{ρσ} (3.14)

one finds that the higher derivative terms are all proportional to each other 1 4 R^{(h)}_{μνρσ}R^{(h)μνρσ} = 1 2 R^{(h)}_{μν} R^{(h)μν} = 1 4 R^{(h)2} = δ_h A_{Γh} (3.15)

Furthermore if one uses the above expression for the Riemann tensor to evaluate the contribution to the Euler characteristic on each hinge one obtains zero, and it is therefore clear that one needs cross terms involving contributions from different hinges. Even then it seems unlikely that one would obtain the correct integer value for a particular simplicial decomposition by this method, and formula (3.12) or (3.13) has to be used. Thus one is faced with the puzzling situation that only one higher derivative term can be constructed at a given hinge, while in the continuum there appear to be two terms in four dimensions. The regular tessellations of S^n are not able to distinguish between different terms since one has in this case R_{μνρσ}R^{μνρσ} ∝ R_{μν} R^{μν} ∝ R^2 ∝ 1 r^2

(3.16)

for a sphere of radius r.

The next step is then to construct the full Riemann tensor by considering more than one hinge. The simplest possibilities would be to consider all the hinges that are the faces of a simplex or, alternatively, all the hinges that have one point in common. On the other hand one notes that since the value of (3.14) depends on the coordinate system used, one should consider, in this formulation, terms only from those hinges which can be covered by the same coordinate system. Define the Riemann tensor for a simplex as a weighted sum of hinge contributions [ R_{μνρσ} ] σ4 = ∑ σ2⊂σ4 ω_σ2 [ δ A_Γ U_{μν} U_{ρσ} ] σ2 (3.17) where the ω_σ2 are dimensionless weights, to be determined later. After squaring one obtains [ R_{μνρσ}R^{μνρσ} ] σ4 = ∑ σ2⊂σ4 ∑ σ2′⊂σ4 ω_σ2 ω_σ2_′ [ δ A_Γ U_{μν} U_{ρσ} ] σ2 [ δ A_Γ U^{μν} U^{ρσ} ] σ2′ (3.18)

Consider two hinges labeled by i and j. By using formula (2.19) for the bivectors U_{μν} the product of the last two square brackets can be worked out^{(43)}. R^{(i)}_{μνρσ}R^{(j)μνρσ} ≡ [ δ A_Γ U_{μν} U_{ρσ} ] (i) [ δ A_Γ U^{μν} U^{ρσ} ] (j) = δ_iδ_j A_{Γi} A_{Γj} 1 4A_i^2A_j^2 [ (a · c)(b · d) − (a · d)(b · c) ]_2 (3.19)

where a and b are two edges in hinge i, and c and d are two edges in hinge j. For the square of the Ricci tensor one needs the expressions R^{(i)}_{μν} R^{(j)μν} ≡ [ δ A_Γ U^ρ_μ U_{ρν} ] (i) [ δ A_Γ U^{σμ}U^ν_σ ] (j) = δ_iδ_j A_{Γi} A_{Γj} 1 16A^2_i A^2_j × [ a^2c^2(b · d)^2 + a^2d^2(b · c)^2 + b^2c^2(a · d)^2 + b^2d^2(a · c)^2 − 2 [ a^2(b · c)(c · d)(d · b) + b^2(a · d)(c · d)(d · a) + c^2(a · b)(b · d)(d · a) + d^2(a · b)(b · c)(c · a) ] + 2 [ (a · b)(c · d) [ (a · c)(b · d) + ((a · d)(b · c) ]]] (3.20) and for the scalar curvature squared R^{(i)}R^{(j)} ≡ [ δ A_Γ U^{μν} U_{μν} ] (i) [ δ A_Γ U^{ρσ}U_{ρσ} ] (j) = 4 δ_iδ_j A_{Γi} A_{Γj}

(3.21)

and the Euler density R^{(i)}_{μνρσ}R^{(j)κλωτ} ϵ^{μνκλ}ϵ^{ρσωτ} ≡ [ δ A_Γ U_{μν} U_{ρσ} ] (i) [ δ A_Γ U_{κλ}U_{ωτ} ] (j) ϵ^{μνκλ}ϵ^{ρσωτ} = δ_iδ_j A_{Γi} A_{Γj} 1 A^2_i A^2_j [ ϵ_{μνρσ}a^μb^ν c^ρd^σ ]_2 (3.22)

and finally for the Hirzebruch density R^{(i)}_{μνρσ}R^{(j)μν}_{κλ}ϵ^{ρσκλ} ≡ [ δ A_Γ U_{μν} U_{ρσ} ] (i) [ δ A_Γ U^{μν} U_{κλ} ] (j) ϵ^{ρσκλ} = δ_iδ_j A_{Γi} A_{Γj} 1 2A^2_i A^2_j ϵ_{μνρσ} a^μb^ν c^ρd^σ [ (a · c)(b · d) − (a · d)(b · c) ] (3.23)

In the above formulae A_i and A_j are the areas of the triangles i and j, respectively. The question of the weights ω_σ2 introduced in equation (3.17) will now be addressed. Consider the expression for the scalar curvature of a simplex defined as [ R ] σ4 = ∑ σ2⊂σ4 ω_σ2 [ 2 δ A_Γ ] σ2 (3.24)

It is clear from the formulae given above for the lattice curvature invariants (constructed in a simplex by summing over hinge contributions) that there is again a natural volume associated with them : the sum of the volumes of the hinges that form the faces of the simplex V_σ4 = ∑ σ2⊂σ4 V_σ2 (3.25)

where V_σ2 ≡ V_h is the volume defined in equation (2.5). Summing the scalar curvature over all simplices, one should recover Regge’s expression ∑ σ4 V_σ4 [ R ] σ4 = ∑ σ4 ∑ σ2⊂σ4 ω_σ2 [ 2 δ A_Γ ] σ2 = ∑ σ2 δ_σ2 A_σ2 (3.26)

which implies

N_{2,4}V_σ4 ω_σ2 δ_σ2 A_{Γσ2} ≡ N_{2,4}V_σ4 ω_σ2 δ_σ2 A_σ2 V_σ2

= δ_σ2 A_σ2 (3.27)

where N_{2,4} is the number of simplices meeting on that hinge. Therefore the natural choice for the weights is

ω_σ2 =

V_σ2 N_{2,4}V_σ4 = V_σ2 N_{2,4} ∑ σ2⊂σ4 Vσ2 (3.28)

Thus the weighting factors that reproduce Regge’s formula for the Einstein action are just the volume fractions occupied by the various hinges in a simplex, which is not surprising. Of course the above formulae are not unique, since one might have done the above construction of higher derivative terms by considering a point σ^0 instead of a 4-simplex σ^4. The Riemann tensor is then constructed by averaging with the appropriate weights the contributions of different hinges meeting at one point, and the volume V_σ4 becomes the sum of all hinge volume contributions coming from the hinges touching the point.

The above formulae for higher derivative terms are still rather involved. Of course in dealing with the quantum theory one could consider the two simpler expressions which contain some of the structure of the previous terms^{(55)} ∫ √ g R_{μνλσ}R^{μνλσ} ∼ 4 ∑ σ2 V_σ2 ([ δ A_Γ ] σ2 )_2 (3.29)

which vanishes if and only if the Riemann tensor projected on all the hinges vanishes (it is in fact a rewriting of the expression (3.6) for the ‘naive’ higher derivative term constructed in the previous section), and ∫ √ g C_{μνλσ}C^{μνλσ} ∼ 2 3 ∑ σ4 V_σ4 ∑ σ2,σ2′⊂σ4 ϵ_σ2_{,σ}2_′ ( ω_σ2 [ δ A_Γ ] σ2 − ω_σ2_′ [ δ A_Γ ] σ2′ )_2 (3.30) which introduces a short range coupling between deficit angles. The numerical factor ϵ_{h,h}0 is equal to 1 if the two hinges σ^2, σ^2′ have one edge in common and −2 if they do not. Note that this interaction term has the remarkable property that it requires neighboring deficit angles to have similar values, but it does not require them to be small.

Alternatively, of course the summation can be done over the σ^0’s, instead of the σ^4’s, as in the expression (3.12) for the Euler characteristic ∫ √ g C_{μνλσ}C^{μνλσ} ∼ 2 3 ∑ σ0 V_σ0 ∑ σ2,σ2′⊃σ0 ϵ_σ2_{,σ}2_′ ( ω_σ2 [ δ A_Γ ] σ2 − ω_σ2_′ [ δ A_Γ ] σ2′ )_2 (3.31)

Here V_σ0 is the volume element associated with a point σ^0, and the weighting factors ω_σ2 measure the fraction of V_σ0 occupied by the hinge σ^2, and are thus equal to V_σ2 /N_σ2_σ0 V_σ0 , where N_σ2_σ0 is the number of points per hinge.

This second choice for the definition of C^2 (sum over sites) appears in fact more natural when one considers the coupling of gravity to matter fields, which will be represented here for simplicity by a scalar field ϕ(x). In the continuum an invariant action, up to terms quadratic in ϕ, is^{(3)}

I_{matter} = ∫ d^4x √ g [ 1 2 g^{μν}∂_μϕ∂_νϕ + 1 2 m^2ϕ^2 + g_1Rϕ^2 + g_2R^{μν} ∂_μϕ∂_νϕ + · · · ] (3.32)

On the skeleton define the fields ϕ_n living on the sites. If R is defined on the sites, then the third interaction term (proportional to g_1) is just a point coupling term. As far as the first term is concerned, introduce lattice (forward) derivatives

Δ^iϕ_n = (ϕ_{n+i} − ϕ_n)/l_{n,n+i} (3.33)

where i labels the possible directions in which one can move from a point in a given simplex (there are d of them in d dimensions), and l_{n,n+i} is the length of the edge connecting the two points. The metric g_{ij} at point n in a simplex is

g_{ij} (n) = 1 2 (l^2_{n,n+i} + l^2_{n,n+j} − l^2_{n+i,n+j}) (3.34) and √ g is proportional to the volume of the simplex. The lattice analogue of the first term in the action I_{matter} of eq. (3.32) is then, in four dimensions, ∑ σ0 ∑ σ4⊃σ0 V_σ4 g_{ij} (σ_0, σ^4)Δ^iϕ_σ0 Δ^jϕ_σ0 (3.35)

and double-counting can be avoided by summing only over simplices with sides pointing in the positive lattice direction. In two dimensions the corresponding expression is ∑ σ0 ∑ σ2⊃σ0 V_σ2 g_{ij} (σ_0, σ^2)Δ^iϕ_σ0 Δ^jϕ_σ0 (3.36)

On a regular triangular lattice as the one in fig. 6 one can associate with each point n two adjacent triangles in the positive (1,2) direction, which can be labeled by γ = 1,2. Then the action is simply ∑ n 2∑ γ=1 V^γ_n [ (Δ^1ϕ_n)^2 + (Δ^2ϕ_n)^2 + 2 cos α^γ_{12,n}Δ^1ϕ_nΔ^2ϕ_n ] (3.37)

where α^γ_{12,n} is the (dihedral) angle between the two edges l^1_n and l^2_n coming out of the point n in the triangle labeled by γ.

3.4 Expansion Around Flat Space

One of the simplest possible problems that can be attacked in quantum Regge calculus is the analysis of small fluctuations about a fixed flat simplicial geometry^{(34)}. The Regge action for R-gravity will be considered for simplicity. It was shown above that the first variation of the Regge involves only the variation of the area of the hinge. The second variation is thus

δ^2I_R = ∑ σ2 (∑ σ0 ∂A_h ∂l δl )(∑ σ0 ∂δ_h ∂l δl ) (3.38)

where δ_h is the deficit angle, not to be confused with the variation symbol.

Next a flat lattice is chosen as background geometry. A natural choice is to choose a flat hypercubic lattice which is made rigid by introducing face diagonals, body diagonals and hyperbody diagonals. This implies that there are 2^d − 1 = 15 fields per point corresponding to the edge lengths emanating from one vertex. The edge lengths are then allowed to fluctuate around the equilibrium value l^0_i

l_i = l^0_i (1 + ϵ_i) (3.39)

The second variation of the action then becomes a quadratic form in the small fluctuation vector ϵ_i with 15 components per site

δ^2I_R = ∑ ij ϵ^T_i M_{ij} ϵ_j (3.40)

and M is the small fluctuation matrix whose inverse determines the free graviton propagator. The matrix M can more easily be computed by going to momentum space. One finds that the matrix M has four zero modes corresponding to periodic translations of the lattice, and a fifth zero mode corresponding to periodic fluctuations in the hyperbody diagonal. After block-diagonalization it is found that 4 modes completely decouple and are constrained to vanish, and thus the remaining degrees of freedom are 10, as in the continuum, where the metric has 10 independent components. After gauge fixing and the introduction of the appropriate ghost terms the remaining 10-dimensional matrix can be reduced to the form^{(34)} (matrix of numbers) × [ 2 ∑ μ (1 − cos k_μ) ] + gauge terms (3.41) which shows the correct 1/k^2 behavior for the lattice graviton propagator at small k^2. Of course the wrong sign for the conformal mode, which is present in the continuum, is also reproduced by the lattice propagator.

The expansion around flat space can be carried out also in the presence of the higher derivative terms. The computation has not been done yet in four dimensions, but can be carried out with relative ease in the two dimensional case^{(56)}. Flat space is a classical solution for such an R^2−type action. We therefore take as our background space a network of unit squares divided into triangles by drawing in parallel sets of diagonals as shown in fig. 6. The action is I = 4a ∑ hinges h

δ^2_h A_h (3.42)

corresponding to a continuum action I = a ∫ d^2x √ g R^2 (3.43)

The edge lengths are then allowed to fluctuate around their flat space values l_i = l^0_i (1+ϵ_i), and the second variation of the action is expressed as a quadratic form in ϵ

δ^2I = ∑ ij ϵ^T_i M_{ij} ϵ_j (3.44)

where M_{ij} is the matrix which is related to the inverse of the propagator. The fluctuation vector ϵ_i has three components per lattice point. The infinite-dimension but sparse matrix M_{ij} is best studied by going to momentum space. We assume that the fluctuation ϵ_i at the point i, j steps in one coordinate direction and k steps in the other coordinate direction from the origin, is related to the corresponding ϵ_i at the origin by ϵ^{(j+k)} i = ω^j_1 ω^k_2 ϵ^{(0)}_1 (3.45)

where ω_i = e^{iki} . In the weak-field limit, where the momentum k is small, M takes the form

M = l^4 k^2(k_1 + k_2)^2 k_1k_2(k_1 + k_2)^2 −2k_1k^2(k_1 + k_2) k_1k_2(k_1 + k_2)^2 k^2_1(k_1 + k_2)^2 −2k^2_1k_2(k_1 + k_2) −2k_1k^2(k_1 + k_2) −2k^2_1k_2(k_1 + k_2) 4k^2_1k^2 (3.46)

A simple change of variables δ^′_1 = δ_1 , δ^′_2 = δ_2 , δ^′_3 =^1_2 (δ_1 + δ_2) + δ_3 leads to the matrix M^′ given by

M^′ = l^4 k^4_2 k^2_1k^2 −2k_1k^3_2 k^2_1k^2 k^4_1 −2k^3_1k_2 −2k_1k^3_2 −2k^3_1k_2 4k^2_1k^2 (3.47) which is exactly what one obtains from the corresponding weak-field limit in the continuum theory. Define the small fluctuation h_{μν} about flat space by

g_{μν} = δ_{μν} + h_{μν} (3.48)

The terms of order h^2 in ∫ d^2x √ g R^2 then come from the terms of order h in R. In two dimensions one has R = h_{11,22} + h_{22,11} − 2h_{12,12} + O(h^2) (3.49) and √ g = 1 + 1 2 (h_{11} + h_{22}) + O(h^2) , (3.50)

which lead to √ g R^2 = (h_{11,12} + h_{22,11} − 2h_{12,12})^2 + O(h^3) (3.51)

In momentum space, each derivative ∂_ν produces a factor of k_ν and one may write √ g R^2 = h^+_{μν} V_{μν,ρσ} h_{ρσ} (3.52)

where V_{μν,ρσ} coincides with M^′ above (when we have relabelled the components according to 11 → 1, 22 → 2, 12 → 3).

We may also consider a lattice action which includes a cosmological constant term as well as the higher derivative term I = ∑ hinges h [ λA_h + 4a δ^2_h A_h ] (3.53)

corresponding to a continuum action I = ∫ d^2x √ g [ λ + aR^2 ] (3.54)

Expansion about a flat space background is no longer valid, strictly speaking, since flat space is not a classical solution in the presence of a cosmological constant. Were it a reasonable procedure we would obtain a contribution to the second variation of the action of the form (with the same change of variables as described for M)

L^′ = − λ 2 1 −1 0 −1 1 0 0 0 4 (3.55)

Thus the typical behaviour of the inverse propagator in this case would be − λ 2 + 4a k^4 (3.56)

3.5 Expansion around a Regular Tessellation

One can look at the same procedure for variations about spaces which are classical solutions for the gravitational action with a cosmological constant term. Consider first the regular tessellations of the two-sphere given by a tetrahedron, octahedron and icosahedron. Suppose that the triangles in these tessellations have edge length l. One writes down the contributions from the two terms in the action and then varies the action to find the terms quadratic in the variation. For each of the tessellations mentioned, the classical solution is of the form l^4_0 = απ^2(a/λ) with α = 16/3, 4/3 and 16/75 respectively. Let us consider fluctuations about the classical solution for just the tetrahedral tessellation of S^{2(56)}. We allow all the edge lengths to undergo small variations

l_i = l_0 → l^′_i = l_0(1 + ϵ_i) (3.57)

The contribution to ∑ A_h which is quadratic in the ϵ_i’s is √ 3l^2_0 [ − 5 18 ∑ i ϵ^2_i + 2 9 ( ∑ i6=j

i,j neighboring ϵ_iϵ_j − ∑ ij opposite

ϵ_iϵ_j ) ] (3.58)

and the corresponding contribution from ∑ δ^2_h/A_h is 4 √ 3l^2_0 [ 2 3 ( 65π^2 27 − 8π 3 √ 3 + 8) ∑ i ϵ^2_i + 32 3 ( 2π^2 27 + π 3 √ 3 − 1) ∑ ij opposite ϵ_iϵ_j ] (3.59)

When one adds these contributions with appropriate coefficients and uses the value of l_0 from the classical solution, one obtains from (3.53) I ≈ 16π √ aλ + 8π √ aλ 9 √ 3 [ μ ∑ i ϵ^2_i + 2 ∑ i6=j

i,j neighboring

ϵ_iϵ_j + 2(2 − μ) ∑ ij opposite ϵ_iϵ_j ] (3.60)

where μ = 2(5π^2 − 6 √ 3π + 54)/9π^2 ≈ 1.5919. Therefore the ‘free propagator’ will depend on the inverse of the matrix

8π √ aλ 9 √ 3 μ 1 1 1 1 2 − μ 1 μ 1 2 − μ 1 1 1 1 μ 1 2 − μ 1 1 2 − μ 1 μ 1 1 1 1 2 − μ 1 μ 1 2 − μ 1 1 1 1 μ

(3.61)

Note that the λ/a dependence has disappeared. The matrix is singular and the zero modes have to be extracted before it can be inverted. The eigenvalues of the matrix (forgetting about the constants in front of it) are 0 (with multiplicity 2), 2(μ − 1) (with multiplicity 3)

Figure 7

and 6 (with multiplicity one). Thus remarkably two zero modes have survived the lattice transcription of the continuum action. This is presumably a consequence of a residual general coordinate invariance of the lattice action in two dimensions.

As a second instructive exercise consider the regular tessellation of the four-sphere α_5 represented by a 5-simplex^{(43)}. This tessellation is the simplest one and contains 6 points connected to each other by 15 edges, and has 20 hinges. It is shown in fig. 7.

For simplicity we consider here only the case a = 4b, where the C^2 term is absent. Performing the same computation as for the tetrahedron one finds for the action, including terms quadratic in the fluctuation, I = ∑ hinges h [ λ V_h − 2k δ_hA_h + 4b

A^2_hδ^2_h V_h ]

≈ 16θ^2 √ 5 [ c + α ∑ i ϵ^2_i + 2β ∑ i6=j

i,j neighboring

ϵ_iϵ_j + 2γ ∑ ij i,j opposite ϵ_iϵ_j ] (3.62)

with c =5 (− k^2 λ + 4b) α = − k^2 λ ( 112 45 − 2 θ ) + 8b( 314 225 − 17 5θ + 36 θ^2 ) 2β = − k^2 λ (− 52 45 + 2 θ ) + 8b( 113 225 + 14 5θ − 63 4θ^2 ) 2γ = − k^2 λ ( 4 15 − 2 θ ) + 8b( 46 225 − 13 5θ + 9 θ^2 )

(3.63)

where θ = √ 15 δ and δ = 2π − 3 arccos(1/4) is the deficit angle at equilibrium. Up to the additive constant c, the small fluctuation matrix defined by the expression in square brackets has eigenvalues λ_0 =α − 2β + γ (9 times) λ_1 =α + 2β − 3γ (5 times) λ_2 =α + 8β + 6γ (1 time )

(3.64)

Plugging in the actual value for the deficit angle δ one gets the final answer for the eigenvalues^{(55,56)}

λ_0 = − 3.2234 k^2 λ + 6.8437 b (9 times) λ_1 = − 1.2659 k^2 λ + 16.3197 b (5 times) λ_2 = + 1.3333 k^2 λ + 32.1422 b (1 time )

(3.65)

For b = 0 (no higher derivative term) 14 out of 15 eigenvalues are negative! This indicates a strong instability : the dominant edge length configurations are presumably for away from the symmetric and smooth one. Most of the lattice degrees of freedom go into reproducing the unbounded conformal mode, and not enough positive eigenvalues are left to represent the physical degrees of freedom. On the other hand for b ≥ 0.4710 k^2/λ all eigenvalues are positive and the starting configuration of edges is stable. This would not have been the case if the theory had a tachyon or some other instability. It is clear that the interesting region is close to the ‘transition’ point where the quadratic part of the action develops a zero mode, and eventually a soft negative mode, as b is further decreased. Hartle^{(54)} has studied the behavior of the Einstein action with a cosmological constant term on α_5 without relying on the expansion around the equilateral configuration of edges.

4. Quantum Gravity Beyond Perturbation Theory

4.1 Choice of Underlying Lattice Structure

In principle a natural setting for lattice quantum gravity calculations would be a random lattice, in which the coordination number at each site is itself a random variable. Unfortunately such a lattice is rather difficult to deal with, both analytically and numerically^{(44)}.

Another possibility is to use the regular tessellations of the n-sphere^{(45)}. Since the maximum number of edges allowed in such tessellations is not very large, a refinement of the same could be achieved by considering further regular subdivisions, such as the barycentric one. Thus the degree of irregularity is kept at a minimum.

A third possibility is to start with a hypercubical lattice, which can be made topologically equivalent to that of a hypertorus, by identifying opposite faces. Finite volume effects are minimized for this lattice, since the boundary is formed by a replica of the same lattice. The advantage of the hypercubic lattice lies in the fact that the number of edges can be increased arbitrarily, keeping the local incidence matrix unchanged. If the theory has some reasonable continuum limit, then this limit should not depend on the detailed lattice structure at short distances. Of course different topologies can be obtained by changing the boundary conditions.

The lattice actions for gravity written in the previous sections do not contain terms which allow tunnelling from one topology to another. Thus initially one would like to keep the topology fixed, and vary the metric within the given sector. Eventually it will be important to verify that the results obtained do not depend on the particular topology chosen^{(45)}. This is likely to happen for correlations of local operators over distances that are much smaller then the size of the system. In fact the renormalization properties of the lattice operators can be extracted by looking at the dependence of the low energy effective hamiltonian (and its correlation functions) on the ultraviolet cutoff. Here by low energy one means energies that are still above the infrared cutoff set by the finite box (universe) size.

It is not clear at the present moment how the integration over topologies should be performed, and how the weighting should be assigned. For a discussion of this point see reference [45]. Arguments have been given for suggesting that a sum over topologies in Regge calculus cannot give a finite functional integral, because the number of manifolds with a given topology increases too rapidly as a function of the number of simplices^{(46)}. In fact the problem of enumerating all possible manifolds constructed out of a given finite number of edges is likely to be NP-complete.

The asymptotic freedom of higher derivative gravity further restricts the short distance fluctuations in the metric, implying that the field configurations become smooth at the scale of the ultraviolet cutoff^{(7)}. Furthermore it seems unlikely that a unitary theory can be defined by summing over topologies. The time-slice factorization property of the functional integral needed to construct a time evolution operator no longer holds if this summation is performed, even if the action is reflection positive^{(47)}. This is connected with the fact that the weighting factors for individual topologies, being necessarily topological invariants, are only globally defined.

In the following only results obtained with the hypercubic lattice will be discussed. The two-dimensional square lattice with diagonals was shown in fig. 6. In fig. 9 a single hypercube is drawn, with the relevant body principals, face diagonals, body diagonals and hyperbody diagonals. The diagonals have to be introduced to make the lattice rigid. Otherwise the values of the edge lengths do not determine the angles, and therefore the geometry, uniquely. The hypercube is then replicated in four directions to construct the full skeleton.

4.2 Functional Integral and Definition of the Measure

After having chosen an appropriate lattice, the next step is to define and evaluate the functional integral for simplicial quantum gravity restricted to a manifold of fixed topology, say a hypertorus. Z = ∫ dμ[l] e^{−I[l]} (4.1)

In the following the scale invariant form of the measure ∫ dμ_ϵ[l] = ∏ i ∫_∞ 0 dl^2_i l^2_i

F_ϵ[l] (4.2)

will be used, where F_ϵ[l] is a rather complicated function of the edge lengths, with the property that it is equal to one when the triangle inequalities and their higher dimensional analogues for the simplicial complex are satisfied, and zero otherwise. These inequalities ensure that the edge lengths, triangle areas, tetrahedron and four-simplex volumes are positive. The positive real parameter ϵ is introduced as an ultraviolet cutoff at small edge lengths : the function F_ϵ[l] is zero if any of the edges is equal or less than ϵ.

Of course the measure suggested above is not unique, but is certainly the most attractive one, since it is local and scale invariant as the continuum measure^{(19)}, and integrates directly over the elementary lattice degrees of freedom, the conformal factors ϕ_i = ln(l_i/l_0). Other measures one might consider would involve an integration over edge lengths divided by some volume to the appropriate power, such that the total measure is scale invariant. However there are several volumes that are touching a given edge, and the measure then becomes rather complicated, involving some odd powers of volumes in the denominator.

The continuum limit, in four dimensions, is taken by requiring that the local curvature be small on the scale of the local lattice spacing, which is equivalent to imposing | | A^hδ^h V_h | | ≪ 1√ V_h (4.3)

and implies A^2_hδ^2_h V_h ≪ 1 (4.4)

a condition which can be achieved by having the coefficient of the action term of equation (3.29) large. If these conditions are not met, the results are likely to depend strongly on the detailed structure of the ultraviolet cutoff (i.e. choice of lattice structure and lattice transcription of the continuum action). Note also that smoothness on the scale of the cutoff does not imply flatness.

A possible approach to evaluate the functional integral is by using numerical Monte Carlo methods, that do not rely on an expansion in a small parameter. Then the edges of the skeleton are varied individually (or in small groups) by a small amount, and the difference in action is compared. If the action is lowered, the new edge value is accepted, if it is raised then the new edge length is only accepted with a probability given by the exponential of the action difference. The same procedure is then applied to another edge, and so on. After many edges have been changed, the probability distribution for the edges approaches the equilibrium one. For a more detailed discussion of the procedure see reference [11].

The existence of the functional integral itself does not appear to be a necessary requirement for a consistent quantum theory, since physical observables are obtained from

Green’s functions which in turn are functional derivatives of −^1_V ln Z. (One familiar example is non-compact lattice electrodynamics, which leads to finite answers for gauge-invariant quantities, even without gauge-fixing). An alternative to the path integral quantization method is the stochastic formulation for gravity. Whenever the functional integral (4.1) exists, the corresponding averages can also be obtained by solving the set of stochastic differential equations (Langevin equation) 1 l_p(t) dl_p(t) dt = −l_p(t) δI[l] δl_p(t) + √ 2 η_p(t) (4.5)

Here t is a fictitious fifth time, and the field η_p(t) is a gaussian white noise with zero mean and unit variance: < η_p(t) >= 0, < η_p(t)η_q(t^′) >= δ_{p,q}δ(t − t^′). The constraint that the triangle inequalities be satisfied implies that the force term is infinite whenever they are violated. Averaging over the noise η_p(t) reproduces then the averages computed by the functional integral method, in the limit of large times. For pure R-gravity without a cosmological constant term the above equation reduces to 1 l_p(t) dl_p(t) dt = k l^2_p(t) ∑ h⊃lp

δ_h(t) cot θ_{ph}(t) + √ 2 η_p(t) (4.6)

where the sum is over triangles, labeled by h, meeting on the common edge p, and θ_{ph} is the angle in the hinge h opposite to the edge p. There is no reason of course for this process to converge, given the unboundedness of the gravitational action both on the lattice and in the continuum.

Let us look at the linearized form of the Langevin equation for higher derivative gravity in the continuum. In the case of the Einstein action the equations have been derived independently by the authors of reference [57]. The relevant action is given in equation (1.7). The corresponding Langevin equation is ḣ_{μν} (x, t) = − δI[h] δh_{μν} (x, t) + η_{μν}(x, t) (4.7) with < η_{μν} (x, t) > = 0 < η_{μν} (x, t)η_{ρσ} (x^′, t^′) > = 2I_{μνρσ} δ^{(4)}(x − x^′)δ(t − t^′) (4.8)

with I_{μνρσ} = (δ_{μν} δ_{ρσ} − δ_{νρ}δ_{μσ})/2. By separating the spin-2, spin-1 and spin-0 components (see Appendix A) and going to momentum space one gets

ḣ^{(2)}_{μν} (q, t) = − [ k 2 q^2 + a 2 q^4 ] h^{(2)}_{μν} (q, t) + η^{(2)}_{μν} (q, t)

ḣ^{(1)}_{μν} (q, t) = h^{(1)}_{μν} (q, t) + η^{(1)}_{μν} (q, t)

ḣ^{(0)}_{μν} (q, t) = − [ −kq^2 + 2bq^4 ] h^{(0)}_{μν} (q, t) + η^{(0)}_{μν} (q, t)

(4.9) where η^{(i)}_{μν} (q, t) is the projection of the noise η_{μν} in the spin-i sector. This noise is of course still gaussian. The spin-1 mode feels no force term, and thus performs a random walk with no constraint,and does not couple to the other two modes. The spin-2 mode is also well behaved, while the spin-0 mode blows up exponentially in time if the coupling b is not large enough. Since the Langevin equation is linear, the solution is easy to write down h_{μν}(q, t) = ∫_t −∞ dt^′ K_{μνρσ}(q, t − t^′) η_{μν}(q, t^′) (4.10) where the kernel K is given by K_{μνρσ} (q, t) = [ e^{−[ k2 q2+ a2 q4]t}P^{(2)} + P^{(1)} + e^{−[−kq2+2bq4]t}P^{(0)} ] μνρσ (4.11)

The Langevin process thus converges for momenta q^2 > k/2b, and the runaway solutions in the spin-0 sector can be restricted to arbitrarily small q^2 by taking b to be large enough. This is consequence of the boundedness and renormalizability of the higher derivative gravity action. It remains to be seen what the effect of the neglected higher order terms in h_{μν} (there is an infinite number of them) is on the convergence. (For the regular tessellation α_5 discussed above no negative eigenvalues in the quadratic fluctuation matrix are found for a = 4b large enough).

4.3 Numerical Results : Two Dimensions

Before discussing any results in four dimensions, it is useful to consider for simplicity the two-dimensional case, with action I = ∑ h [ λ A_h − 2k δ_h + 4a δ^2_h A_h ] (4.12)

In the limit of small fluctuations around a smooth background, this lattice action has been shown to correspond exactly^{(56)} to the continuum action I = ∫ d^2x √ g [ λ − kR + aR^2 ] (4.13)

In two space-time dimensions the Einstein action is a topological invariant, both in the continuum (because of the Gauss-Bonnet theorem) and on the lattice, since ∑ h δ_h = 2πχ, where χ is the Euler characteristic. Therefore for a manifold of fixed topology the term proportional to k can be dropped. An additional possible term is given by a long-range interaction of the type^{(48)} 1 2 ∑ h,h0 δ_h [ 1 −Δ + m^2 ] h,h0δ^h0 (4.14) where Δ is the nearest-neighbor covariant lattice Laplacian, and m^2 is an infrared mass regulator. A term of this type arises from the conformal anomaly in the continuum. It corresponds to the continuum contribution 1 2 ∫ d^2xd^2y R √ g(x) < x| 1 −∂^2 + m^2 |y > R √ g(y) (4.15)

considered (for m^2 = 0) by Polyakov^{(48)} in the context of the problem of random surfaces embedded in higher dimensional space^{(49)}. It is required, at least in its ultra-local form (m^2 → ∞), which is proportional to b ∑ h δ^2_h (4.16)

with b a dimensionless coupling, to ensure the existence of a lattice continuum limit (|δ_h/A_h| ≪ 1/A_h or |δ_h| ≪ 1). Also, the cosmological constant in two dimensions has at most a quadratic divergence

λ_R = λ_0 + c_2L^2 + c_0 ln L + · · · (4.17)

with L ∼ ϵ^{−1} the ultraviolet cutoff. Consider now the path integral Z[λ, a, b, ϵ] = ∫ dμ_ϵ[l] e^{−I[l]} (4.18)

Because of the scale invariance of the measure, all the edge lengths can be rescaled l_i → (a/λ)^{1/4} l_i, and one obtains Z[λ, a, b, ϵ] = Z [√ aλ, √ aλ, b, ( λ a )_{1/4} ϵ ] (4.19)

If ϵ can be sent to zero (in other words, if the functional integral exists with ϵ = 0), then Z depends only on √ aλ and b, once all lengths are expressed in units of the length scale l_0 ≡ (a/λ)^{1/4}.

Here only a lattice with the topology of the torus will be considered. The triangular lattice was chosen of size 32 × 32, with 3072 edge variables. The following expectation values are of interest < A >= 1 N_h < ∑ h A_h > < R^2 >= 4 N_h < ∑ h δ^2_h A_h > (4.20)

where N_h = N^2 is the number of hinges. For the formulation of higher derivative terms dual lattice volumes^{(31)} were used in the following. A numerical evaluation of expectation values by the Monte Carlo method lead to the following results. Consider first the case b = 0. For a = 0 the results are trivial < A >= { 0, if λ > 0;

∞, if λ ≤ 0. (4.21) and < R^2 >= ∞ for both signs of λ. These results are valid as the cutoff ϵ is sent to zero. For strictly positive a the path integral exists for positive λ, while for negative λ one has results similar to a = 0 (no nontrivial equilibrium distribution of edge lengths). For the case 4a = 1 the results are shown in Table IV. (They were obtained by averaging over 1000 passes through the lattice, and discarding an initial 1000). There √ < l^2 > denotes the square root of the average edge length squared, and < A > and < R^2 > are defined above. √ < l^2 > here plays the role of the lattice spacing, the fundamental unit of length.

For strictly positive a the path integral exists for positive λ, while for negative λ one has results similar to a = 0 (no nontrivial equilibrium distribution of edge lengths). A typical equilibrium distribution of edge lengths is shown in fig. 8 for a = 1 and λ = 0.2. It is insensitive to a small edge length cutoff ϵ, unless λ is very large.

Figure 8

For ϵ = 0 one has from scale invariance the exact identity 1 4 < R^2 > < A > = λ 4a (4.22)

which is well satisfied, as can be seen from the table. Also, the average area of a triangle divided by the average edge length squared is independent of λ. One finds < A > 2 < l^2 >

= 0.288 ≈ √ 3 6 (4.23)

which shows that the triangles are not equilateral. (For equilateral triangles the ratio is √ 3/4 = 0.433). In the region of λ and a considered the space-time volume and the integrated curvature squared can be reasonably well fitted by simple functions of the form λ < A >= 2 B + C ln^1_{4λa}

a < R^2 >= 2 B + C ln^1_{4λa}

(4.24)

with B = 4.0 and C = 1.0, but other fits are equally possible at this point. It should be stressed though that, because of the scale invariance of the measure (for ϵ = 0), only dimensionless quantities are of interest, like the average curvature squared in units of the average edge length:^1_4 < l^2 >^2< R^2 > / < A >= 1.13, 1.60, 2.01, 3.00 for λ = 0.4, 0.3, 0.2, 0.1, respectively.

λ √ < l^2 > < A >^1_2^{<A>}_{<l2>}^1_4 < R^2 >^1_4^{<R2>}_{<A>}

0.4 1.28(3) 0.96(5) 0.292(5) 0.408(3) 0.42(3) 0.3 1.52(3) 1.34(5) 0.289(5) 0.396(3) 0.30(1) 0.2 1.78(3) 1.82(5) 0.287(5) 0.371(3) 0.20(1) 0.1 2.34(3) 3.12(5) 0.285(5) 0.324(3) 0.10(1) 0.0 ∞ ∞ 0.288 0 0

Table IV : Results for the 2-dimensional model with 4a = 1 and b = 0.

Physical correlation functions like the volume-volume correlation at fixed geodesic separation D(h, h^′) G_V (d) = ∑ h,h0 < V_hV_h0 δ(D(h, h^′) − d) > (4.25) can also be evaluated, but are found to be not positive definite. This is a consequence of the pure 1/p^4 behavior of the ‘graviton’ propagator in two-dimensional higher derivative gravity with action (2.13).

In the case of finite coupling b the sum rule (2.22) can no longer be satisfied. It is known that for sufficiently large b the edge length configurations become smooth, but there is no solution on a torus to the field equations of continuum higher derivative gravity with a λ term. Still, a finite result is found for the average curvature squared in units of the average edge length:^1_4 < l^2 >^2< R^2 > / < A >= 0.47, 0.56, 0.64, 0.73 for λ = 0.4, 0.3, 0.2, 0.1, respectively. Here 4a = 1 and b = 2, and the estimates were obtained again by averaging over 1000 passes. As can be seen, the surface has become significantly smoother in this case.

4.3 Numerical Results : Four Dimensions

In four dimensions the action for pure higher derivative gravity on a simplicial lattice was described in section (3.3). From equations (3.29) and (3.31) the full action is

I = ∑ hinges h [ λ V_h − 2k δ_hA_h + 4b

A^2_hδ^2_h V_h ]

+ 1 3 (a − 4b) ∑ points p V_p ∑ hinges h,h0⊃p ϵ_{h,h}0 [ ω_h A_hδ_h V_h − ω_h0 A_h0 δ_h0 V_h0

]_2 (4.26)

and is the lattice analogue of the continuum action

I = ∫ d^4x √ g [ λ − k R + b R_{μνρσ}R^{μνρσ} + 1 2 (a − 4b) C_{μνρσ}C^{μνρσ} ] (4.27)

In the quantum theory one is interested in evaluating averages from the functional integral

Z = ∫ dμ[l] e^{−I[l]} (4.28)

As in the two-dimensional case, the lattice is chosen to be regular and built out of rigid hypercubes, one of which is illustrated in fig. 9.

Figure 9

Whenever the functional integral exists, all the edge lengths can be rescaled l_i → (k/λ)^{1/2} l_i using the scale invariance of the measure, and one gets Z [λ, k, a, b, ϵ] = Z [k2 λ , k^2 λ , a, b, ( λ k )_{1/2} ϵ ] (4.29)

If ϵ can be sent to zero, then Z can depend only on the dimensionless couplings k^2/λ, a and b, once all lengths are expressed in units of the length scale l_0 ≡ (k/λ)^{1/2}. (This is certainly true for fixed k and large enough λ, a and b). The one-loop perturbative results of reference [7] then indicate that the theory is asymptotically free in a and b. They also suggest that the renormalized, effective low energy cosmological constant is zero, if the bare one is chosen to be small to start with.

If the functional integral exists for ϵ = 0, then the scale invariance of the measure implies the identity k < ∑ h δ_hA_h > = λ < ∑ h V_h > (4.30)

The lattice is chosen of size N ×N ×N ×N with 15N^4 edges, and up to now only the cases N = 2 (240 edges) and N = 4 (3840 edges) have been considered. Periodic boundary conditions are used, and the topology is therefore restricted to a hypertorus. For the formulation of the higher derivative terms baricentric volumes^{(31)} are used, since their expression in terms of the edge lengths is simplest. A time-discretized form of the Langevin evolution equation (4.5)

l^{(k+1)} p = l^{(k)}_p exp [ −ϵ δI[l] δl^{(k)}_p + √ 2ϵ η^{(k)}_p ] (4.31)

was used, where ϵ is the step size in time (chosen between 10^{−3} and 10^{−4}), and

< η^{(k)}_p >=0 < η^{(k)}_p η^{(l)}_q >= δ_{p,q} δ^{k,l} (4.32)

Also l^{(k+1)}p = l^{(k)}p whenever the generalized triangle inequalities are violated.

First consider the case in which all the couplings are zero: a = b = k = λ = 0. Then the total action is zero, and variations in the edge lengths are only constrained by the measure. The edges then perform a constrained random walk, and the situation corresponds to what might be called ‘random (or disordered) spacetime’. (To compute the averages, 1000 passes were performed on the 2^4 lattice, discarding the first 500). While initially the different edges have length 1, √ 2, √ 3, 2 depending on the type (corresponding to a lattice of flat hypercubes), soon they all become roughly of equal average magnitude. (After 1000 passes the four edge types have average value √ < l^2_a > = 1.52, 1.50, 1.49 and 1.50, respectively). Other quantities of interest are the average curvature R

R = < l^2 > < 2 ∑ h δ_hA_h > < ∑ h V_h > (4.33) and the average curvature squared R^2

R^2 = < l^2 >^2 < 4 ∑ h δ^2_hA^2_h/V_h > < ∑ h V_h > (4.34)

which are both dimensionless quantities, since they both have been expressed in units of the average edge length. Also of interest is the average deficit angle < δ^2_h > and the average volume of a 4-simplex, in units of the average edge length √ < l^2 >. Results for these quantities are displayed in Table V.

50 < V_h > / < l^2 >^2 R R^2 < δ^2_h >

0.32(2) -10.36(1.20) 58200(600) 3.52(9)

Table V : Results for the 4-dimensional model with λ = k = a = b = 0.

Remarkably, at strong coupling the system develops an average negative curvature. Also, the value of R^2 is quite large, indicating a significant deviation from flat space behavior. The ratio < V_h > / < l^2 >^2= 0.0064 is also substantially larger than the initial flat space ratio (1/50)/(32/15)^2 = 0.0044. (The factor of 50 arises because there are 50 hinges per hypercube).

A measure of the ‘roughness’ of space-time is given by the dimensionless ratio of curvature over square root of curvature squared R √ R^2 = < 2 ∑ h δ_hA_h > < ∑ h V_h > /( < 4 ∑ h δ^2_hA^2_h/V_h > < ∑ h V_h > )_{1/2} (4.35)

which can be estimated at about 0.042(8).

For intermediate coupling some results are displayed in Tables VI and VII. Table VI shows the averages for 4b = 0.005 and Table VII for 4b = (2k)^2/4λ. In all cases 2k is fixed to be 1 and λ is varied, and a − 4b is set equal to zero (pure R^2_{μνρσ}). The averages were obtained by doing 2000 passes on the 2^4 lattice, and discarding the first 1000 passes in the final averaging. Results on the 4^4 lattice were then obtained by using the final, duplicated, 2^4 lattice as starting configuration. While these results are comparable within errors with those on the smaller lattice, the low statistics (50 passes) is not sufficient yet to draw any conclusion about finite size effects, even though they appear to be small for the quantities measured.

λ 50 < V_h > / < l^2 >^2 R R^2 < δ^2_h >

1.5 0.33(2) -0.420(42) 8660( 260) 0.62(11) 1.0 0.08(2) 132(22) 134000(13600) 1.65(30) 0.5 0.11(2) 123(14) 143000(11600) 2.45(35)

Table VI : Results for the 4-dimensional model with 2k = 1, 4b = 0.005, a = 4b.

λ 50 < V_h > / < l^2 >^2 R R^2 < δ^2_h >

1.5 0.24(4) -0.044(17) 496(48) 0.021(5) 1.0 0.18(4) -0.031(44) 432(45) 0.013(3) 0.5 0.17(3) -0.030(48) 208(64) 0.006(2)

Table VII : Results for the 4-dimensional model with 2k = 1, b = k^2/4λ, a = 4b.

For small higher derivative coupling (4b = 0.005, Table VI) the average curvature R appears to depend very strongly on the value of the bare cosmological constant λ. The large values for the curvature squared R^2, at least for λ = 1.0 and 0.5, indicate that, for this choice of coupling constants, the geometry of space-time is not well approximated by a smooth metric. This is in turn an indication that with the Einstein and cosmological constant term only, one is in general far from the lattice continuum limit, as discussed in the first section. It appears also that perhaps the average curvature can be made to vanish by choosing λ appropriately, but this would require fine-tuning. In fact the jump in R is so large, that it appears to be indicative of a discontinuous transition. The transition could be connected with the lowest eigenvalue of the quadratic fluctuation matrix becoming zero and then negative, as in the case of the regular tessellation α_5 discussed previously.

On the other hand, for larger b (Table IV) the curvature R is quite uniformly small and negative, and appears to still decrease slightly when going from the 2^4 lattice to the 4^4 lattice. R^2 is now substantially smaller, an indication that the field configurations are becoming smoother. As in the two-dimensional case with the b-term (equation 4.16), the sum rule (4.30) is not satisfied, due presumably to the absence of classical solutions to the higher derivative continuum field equations with a λ-term on a 4-torus.

To compute the renormalized, effective low energy, cosmological constant in units of the Planck mass one needs to determine the renormalized value of Newton’s constant. Experimentally it is known that at low energies the dimensionless ratio λ_R/k^2_R is about 10^{−120} or less. The renormalized cosmological constant λ_R is obtained from the average curvature R. The renormalized Newton’s constant can be obtained by computing the connected edge two-point function at geodesic distance d G_{αβ} = 1 < l^2 >^2

< l^2_α(d) l^2_β(0) >_c → T_{αβ} k^{−1}_R d^2 as d → ∞ (4.36)

where α and β label the different edge types at one point on the lattice (body principal, face diagonal, etc.), and T_{αβ} is the appropriate spin-two projection matrix. (If particles of other spin are contained in the correlation function (4.36), they can be isolated by diagonalizing the propagation matrix G_{αβ}). Because of the asymptotic freedom of higher derivative gravity theory, the physical dimensionless ratio λ_R/k^2_R is a computable number, and could turn out to be fairly insensitive to the value of the bare couplings. Given the small lattice that was employed in the present study, it appears difficult to reliably extract a value for k_R. Still, the present numerical results on the 4^4 lattice suggest that the curvature expressed in units of k_R (i.e. R over k_R) is a rather small number on one side of the transition (of order 10^{−5} or less for λ = 1.5, 2k = 1 and 4b = 0.005), while it is orders of magnitude larger on the other side (λ = 1.0 and 0.5). (For λ = 1.5, 2k = 1 and 4b = 0.005 it appears possible to separate the spin-0 conformal mode from the spin-2 physical mode by diagonalizing the propagation matrix at fixed distance. Only the conformal mode shows a rapid falloff with increasing distance, with a large amplitude; the spin-2 mode shows a slow decrease with a very small (about 5 orders of magnitude smaller) amplitude. This fact, if confirmed, could be taken as an indication that the conformal mode decouples from the physical spectrum).

The smallness of the renormalized cosmological constant appears to be a consequence of the fact that small fluctuations in the edge lengths cause large fluctuations in the curvature, and are therefore suppressed in the presence of higher derivative terms. The small fluctuations in the edge-edge correlation functions lead to a small value for the amplitude k^{−1}_R of power-law decay, while at the same time the average curvature remains quite small (even though the average curvature squared is rather large) If on the other hand the bare cosmological constant is too small, runaway solutions appear as a consequence of the existence of negative eigenvalues, and both the average curvature and the fluctuation in the edge-edge correlation function become very large. In conclusion we note that the above explanation for the smallness of the renormalized cosmological constant is rather different from the one suggested in reference [55]. More detailed and careful computations are needed to settle this issue.

To give an idea of what is going on in the transition from λ = 1.5 to λ = 1.0 and 0.5 (at 2k = 1 and 4b = 0.005) figs. 10 and 11 show the distribution of curvature (in units of the average lattice spacing) for λ = 1.5 and λ = 0.5, respectively. In the first case the distribution is well behaved and roughly gaussian. On the other hand in the second case long tails develop at both ends of the distribution indicating the presence of regions with very large positive curvature, and regions with very large negative one. (Also note the different vertical scales in the two cases).

Another important point concerns the question of unitarity. In lattice gravity the lattice spacing, and thus the ultraviolet cutoff, is a dynamically determined quantity, which depends on the values of the bare coupling constants. This situation is quite different from ordinary lattice field theories, where the lattice spacing is independent of the bare couplings. There violations of unitarity are common, but they always happen at energies close to the cutoff scale. It is thus quite plausible (and is supported by simple arguments) that in higher derivative lattice gravity the mass of the potentially dangerous spurious states is always above the (dynamical) ultraviolet cutoff. Unitarity can in principle be checked by looking at positivity in the decay of correlations like the one in equation (4.36). This is feasible, but has not been done yet.

Figure 10

Figure 11

Acknowledgements

Part of the work presented here was done in collaboration with Ruth Williams. The author has benefitted from conversations with Steve Adler, Francois David, Shimon Elitzur, Jim Hartle, Don Page, Hai-Cang Ren and Andy Strominger. In particular discussions with Giorgio Parisi on the problem of unitarity, with Jürg Fröhlich on reflection positivity and with Tullio Regge on simplicial gravity in general were very helpful. Finally the author would like to thank the organizers Kurt Osterwalder and Raymond Stora for inviting him to talk on the subject. This research was supported by the U.S. Department of Energy under grant no. DE-AC02-76ER02220.

Appendix A

Some formulae in Riemannian geometry

The square of the line element is defined by ds^2 = g_{μν} dx^μdx^ν (A.1) where the metric g_{μν} is a symmetric positive definite tensor field. General coordinate transformations act on the metric as g^′_{μν} = ∂x^λ ∂x^{′μ} g_{λσ} ∂x^σ ∂x^{′ν} (A.2) The connection is given by

Γ^σ_{μν} = 1 2 g^{σλ} [∂g_{μλ} ∂x^ν + ∂g_{νλ} ∂x^μ − ∂g_{μν} ∂x^λ ] (A.3) Under an infinitesimal general coordinate transformation δx_μ = η_μ(x) the metric and the connection change as^{(19)} δg^{μν} = − η^λ ∂g^{μν} ∂x^λ + g^{μλ} ∂η^ν ∂x^λ + g^{νλ} ∂η^μ ∂x^λ δΓ^ρ_{μν} = − η^λ ∂Γ^ρ_{μν} ∂x^λ − Γ^ρ_{μλ} ∂η^λ ∂x^λ − Γ^ρ_{νλ} ∂η^λ ∂x^μ + Γ^λ_{μν} ∂η^ρ ∂x^λ − ∂^2η^ρ ∂x^μ∂x^ν (A.4)

The covariant derivative of an arbitrary vector V^μ is then

D_λV^μ = ∂V^μ ∂x^λ + Γ^μ_{λσ}V^σ (A.5)

and the parallel transport formula for a displacement dx^ν is

δV^μ = −Γ^μ_{λν}dx^ν V^λ (A.6)

Parallel transport around a closed loop rotates a vector by ΔV_μ = −R^σ_{μνλ}dσ^{νλ}V_σ (A.7) where R^σ_{μνλ} is the Riemann tensor, and dσ^{νλ} =^1_2 ∫ x^ν dx^λ is the area of the loop. In terms of the connection R^λ_{μνσ} = ∂Γ^λ_{μν} ∂x^σ − ∂Γ^λ_{μσ} ∂x^ν + Γ^η_{μν} Γ^λ_{ση} − Γ^η_{μσ}Γ^λ_{νη} (A.8)

Covariant differentiation is symmetric [ D_μ, D_ν ] − V^ρ = R^ρ_{σνμ}V^σ (A.9)

The Riemann tensor satisfies the symmetry relations R_{μνλσ} = −R_{νμλσ} = −R_{μνσλ} = R_{νμσλ} R_{μνλσ} = R_{λσμν} R_{μνλσ} + R_{μλσν} + R_{μσνλ} = 0 (A.10) With one contraction one obtains the Ricci tensor R_{μν} , and with two the scalar curvature R R_{μν} = g^{λσ}R_{λμσν} R = g^{μν} g^{λσ}R_{μλνσ} (A.11) The conformal curvature or Weyl tensor is constructed from the Riemann tensor as C_{μνλσ} = R_{μνλσ} − R_{λ[μ}g_{νσ]} + R_{σ[μ}g_{νλ]} + 1 3 Rg_{λ[μ}g_{νσ]} (A.12) The square brackets denote antisymmetrization. The Weyl tensor is traceless g^{λσ}C_{λμσν} = g^{μν} g^{λσ}C_{μλνσ} = 0 (A.13) The scalar curvature R and the volume element d^4x √ g, where g is the determinant of the metric, are invariant under general coordinate transformations, and so are the action contributions ∫ d^4x √ g ∫ d^4x √ g R (A.14)

Possible terms quadratic in the curvature are^{(18)} ∫ d^4x √ g R^2 ∫ d^4x √ g R_{μν} R^{μν} ∫ d^4x √ g R_{μνλσ}R^{μνλσ} ∫ d^4x √ g C_{μνλσ}C^{μνλσ} ∫ d^4x √ gϵ^{μνκλ}ϵ^{ρσωτ} R_{μνρσ}R^{κλωτ} = 128π^2χ ∫ d^4x √ g ϵ^{ρσκλ} R_{μνρσ}R^{μν}_{κλ} = 96π^2τ

(A.15)

where χ is the Euler characteristic and τ the Hirzebruch signature. Not all these quantities are independent. In two dimensions one has the identity R_{μνλσ}R^{μνλσ} = 1 2 R_{μν}R^{μν} = R^2 C_{μνλσ}C^{μνλσ} = 0 (A.16) and in three dimensions R_{μνλσ}R^{μνλσ} = 4R_{μν} R^{μν} + 3R^2 C_{μνλσ}C^{μνλσ} = 0 (A.17) and finally in four dimensions R_{μνλσ}R^{μνλσ} = C_{μνλσ}C^{μνλσ} + 2R_{μν} R^{μν} − 1 3 R^2 (A.18)

Furthermore the expression for the Euler characteristic can be rewritten as χ = 1 32π^2 ∫ d^4x √ g [ R_{μνλσ}R^{μνλσ} − 4R_{μν} R^{μν} + R^2 ] (A.19) and thus only two curvature squared terms for the action are independent in four dimensions.

To analyze the weak field behavior of the continuum gravitational action, it is useful to introduce spin projection operators^{(3)}. In momentum space the projection operators for spin-0, spin-1 and spin-2, respectively, are

P^{(2)}_{μναβ} = 1 3 ( k_μk_ν k^2 δ_{αβ} + k_αk_β k^2 δ_{μν} ) − 1 2 1 k^2

(k_μk_αδ_{νβ} + k_μk_βδ_{να} + k_ν k_αδ_{μβ} + k_ν k_βδ_{μα}) + 1 2 (δ_{μα}δ_{νβ} + δ_{μβ}δ_{να}) − 1 3 δ_{μν} δ_{αβ} + 2 3 1 k^4 k_μk_ν k_αk_β P^{(1)}_{μναβ} = 1 2 1 k^2

(k_μk_αδ_{νβ} + k_μk_βδ_{να} + k_ν k_αδ_{μβ} + k_ν k_βδ_{μα}) − 1 k^4 k_μk_ν k_αk_β P^{(0)}_{μναβ} = − 1 3 ( k_μk_ν k^2 δ_{αβ} + k_αk_β k^2 δ_{μν} ) + 1 3 δ_{μν} δ_{αβ} + 1 3 1 k^4 k_μk_ν k_αk_β

(A.20)

The three projection operators add up to give the unit matrix ∑ i P^{(i)}_{μναβ} = I_{μναβ} = 1 2 (δ_{μν} δ_{αβ} − δ_{να}δ_{μβ} ) (A.21)

Gauge transformations act on h_{μν} to give h_{μν} → h_{μν} + ∂ω_μ ∂x^ν + ∂ω_ν ∂x^μ (A.22) where ω_μ(x) is an arbitrary function. The small fluctuation field h_{μν} can be decomposed in the three spin components

h^{(i)}_{μν} = P^{(i)}_{μναβ} h_{μν} i = 0, 1, 2 (A.23)

Gauge transformations then affect only the i = 1 spin-1 component.

To get more a feeling for the difference between different higher derivative terms consider the following example. A particular case of Riemannian manifold is one of dimension d which is locally isometrically embedded in (d + 1)-dimensional euclidean space with the canonical euclidean metric. If the manifold is locally convex, the principal curvatures k_λ are of the same sign everywhere. Then the manifold is the called a locally convex hypersurface^{(50)}. Every point of the manifold admits a neighborhood in which the vectors tangent to the lines of curvature form an orthonormal frame such that R_{μνρσ} = k_μk_ν (δ_{νσ} δ_{μρ} − δ_{νρ}δ_{μσ}) (A.24) Define K_{μν} = k_μk_ν. Working out the algebra in four dimensions one obtains R = ∑ k^2 − ( ∑ k)^2

R^2 =( ∑ k^2)^2 − 2( ∑ k^2)( ∑ k)^2 + ( ∑ k)^4

R_{μν} =δ_{μν} [k^2_μ − ( ∑ k)k_μ] R_{μν}R^{μν} = ∑ k^4 − 2( ∑ k) ∑ k^3 + ( ∑ k)^2 ∑ k^2 R_{μνλσ}R^{μνλσ} =2( ∑ k^2)^2 − 2 ∑ k^4 C_{μνλσ}C^{μνλσ} =2( ∑ k^2)^2 − 2 ∑ k^4 − 2 ∑ k^4

+ 4( ∑ k) ∑ k^3 − 2( ∑ k)^2 ∑ k^2 + 1 3 ( ∑ k^2)^2 − 2( ∑ k^2)( ∑ k)^2 + ( ∑ k)^4

(A.25)

and therefore

R = 2(K_{12} + K_{13} + K_{14} + K_{23} + K_{24} + K_{34}) R^2 = 4(K_{12} + K_{13} + K_{14} + K_{23} + K_{24} + K_{34})^2

R_{μνλσ}R^{μνλσ} = 2(K^2_{12} + K^2_{13} + K^2_{14} + K^2_{23} + K^2_{24} + K^2_{34}) (A.26)

and therefore C_{μνλσ}C^{μνλσ} = 2 3 ∑ pairs (μν) (ρσ) μ6=ν,ρ6=σ,(μν)6=(ρσ) ϵ(μ, ν, ρ, σ)K_{μν} K_{ρσ} (A.27)

where ϵ(μ, ν, ρ, σ) is equal to 1 if the pairs (μν) and (ρσ) share one index, and −2 if they do not. This simple example shows some of the difference between R^2, R^2_{μνρσ} and C^2_{μνρσ}.

While R^2_{μνρσ} tries to make all K_{μν} ’s small when inserted in the functional integral, C^2_{μνρσ} couples the K_{μν} ’s to each other, but does not require them to be small.

Appendix B

Some useful formulae in Regge calculus

Consider an n-dimensional simplex with vertices 1, 2, 3, ... n+1 and square edge lengths l^2_{12} = l^2_1, ... . Its vertices are specified by a set of vectors v_0 = 0, v_1, ... v_n. The matrix^{(14,26)} g_{ij} =< v_i|v_j > (B.1) with 1 ≤ i, j ≤ n is positive definite, and in terms of the edge lengths l_{ij} = |v_i − v_j | it is given by g_{ij} = 1 2 [ l^2_{0i} + l^2_{0j} − l^2_{ij} ] (B.2) The volume of an n-simplex is then given by the generalization of Tartaglia’s formula for a tetrahedron

V_n = 1 n! √ det g_{ij} (B.3)

Figure 11

An equivalent form is

V_n =

(−1)^{n+12} n!2^{n/2}

| | | | | | |

0 1 1 . . . 1 0 l^2_{12} . . . 1 l^2_1 0 . . . 1 l^2_{31} l^2_{32} . . . . . . . . . . . . . . . 1 l^2_{n1} l^2_{n2} . . . 1 l^2_{n+1,1} l^2_{n+1,2} . . .

| | | | | | |

1/2

(B.4)

In the particular case of a triangle with sides of length l_1, l_2, l_3 the formula becomes A_{triangle} = 1 4 [ 2(l^2_1l^2 + l^2l^2_3 + l^2_3l^2_1) − l^4_1 − l^4_2 − l^4_3

] 1_2 (B.5) For the tetrahedron with edge lengths l_1 · · · l_6 one has V_{tetrahedron} = 1 12 [ 4l^2_1l^2_3l^2_4 − l^2_1(l^2_3 − l^2_6 + l^2_4)^2 − l^2_3(l^2_1 + l^2_4 − l^2_5)^2

− l^2_4(l^2_1 − l^2 + l^2_3)^2 + (l^2_3 − l^2_6 + l^2_4)(l^2_1 + l^2_4 − l^2_5)(l^2_1 − l^2 + l^2_3)

] 1_2 (B.6)

For a 4-simplex with edge lengths l_1 · · · l_{10} (see fig. 11) define the quantity^{(43)}

K(A, V_1, V_2) = 1 288V_1V_2 [ 16A^2(l^2_4 − l^2_{10} + l^2_7) − 2l^2_1(l^2_3 − l^2_6 + l^2_4)(l^2_3 − l^2_9 + l^2_7)

− 2l^2_3(l^2_1 − l^2_5 + l^2_4)(l^2_1 − l^2_8 + l^2_7) + (l^2_1 − l^2 + l^2_3) × [ (l^2_3 − l^2_6 + l^2_4)(l^2_1 − l^2_8 + l^2_7) + (l^2_1 − l^2_5 + l^2_4)(l^2_3 − l^2_9 + l^2_7) ]] (B.7) where A is the area of the triangle with edge lengths l_1, l_2, l_3, and V_1 and V_2 the volumes of the tetrahedra with edge lengths l_1, l_2, l_3, l_4, l_5, l_6 and l_1, l_2, l_3, l_7, l_8, l_9 respectively. l_{10} corresponds then to the edge in the simplex which is opposite to the triangle. Then the dihedral angle at the triangle with edge lengths l_1, l_2, l_3 is given by

cos θ_d = K(A, V_1, V_2) (B.8)

and the volume of the simplex is V_{simplex} = 3V_1V_2 √ 1 − K^2 4A (B.9) In two dimensions the formula for the dihedral angle is of course

cos θ_d = l^2_1 + l^2 − l^2_3 2l_1l_2 (B.10) where l_3 is the length of the edge opposite to the vertex considered. For the same vertex the dihedral dual volume contribution is

A_d = 1 32A [ l^2(l^2_1 + l^2) − (l^2_1 − l^2)^2 ] (B.11) The baricentric dihedral volume is simply A_d = A/3. In four dimensions first introduce the quantity^{(31)}

Σ(l_1, l_2, l_3, l_4, l_5, l_6) = −2l^2_1l^2l^2_3 +l^2_1l^2_6(l^2 −l^2_1 +l^2_3)+l^2l^2_4(l^2_1 −l^2 +l^2_3)+l^2_3l^2_5(l^2_1 +l^2 −l^2_3) (B.12)

which is characteristic of the tetrahedron with edges (123)456 containing the hinge (triangle) with edges 123. Then the dihedral dual volume attached to the triangle with edge lengths l_1, l_2, l_3 is given by

V_d = 1 (384)^2A^2V_1V_2V_{simplex} [ 2Σ_1Σ_2V_1V_2 − K(Σ^2_1V^2_2 + Σ^2V^2_1 ) ] (B.13) where Σ_1 and Σ_2 relate to tetrahedron (123)456 and (123)789 respectively. The dihedral baricentric volume is V_d = V_{simplex}/10.

References

[1] S.W. Hawking, in ‘General Relativity - An Einstein Centenary Survey’, edited by S.W. Hawking and W. Israel, Cambridge University press (1979).

[2] G. ’t Hooft and M. Veltman, Ann. Inst. Poincaré 20 (1974) 69. [3] M. Veltman, in ‘Methods in Field Theory’, Les Houches Lecture notes session XXVIII (1975);

G. ’t Hooft, in ‘Recent Developments in Gravitation’, Cargése Lecture notes (1978), and references therein.

[4] K.G. Wilson and J. Kogut, Phys. Repts. 12C (1974) 76;

K.G. Wilson, Rev. Mod. Phys. 55 (1983) 583;

H.B. Nielsen, Talk given at the meeting ‘The Constants of Physics’, published in the Proceedings of the Royal Society of London (1983).

[5] B. DeWitt and R. Utiyama, J. Math. Phys. 3 (1962) 608;

R.P. Feynman, Acta Phys. Pol. 24 (1963) 697;

S. Deser, in the proceedings of the Conference on Gauge Theories and Modern Field Theories, edited by R. Arnowitt and P. Nath (MIT press, Cambridge 1975); S. Weinberg, in the proceedings of the XVII International Conference on High Energy Physics, edited by J. Smith (Chilton, Didcot, 1974);

S. Weinberg, in ‘General Relativity - An Einstein Centenary Survey’, edited by S.W. Hawking and W. Israel, Cambridge University press (1979).

[6] K.S. Stelle, Phys. Rev. D16 (1977) 953.

[7] J. Julve and M. Tonin, Nuovo Cimento 46B (1978) 137;

E.S. Fradkin and A.A. Tseytlin, Phys. Lett. 104B (1981) 377, and Nucl. Phys. B201 (1982) 469;

E.S. Fradkin and A.A. Tseytlin, Phys. Lett. 106B (1981) 63. [8] E.T. Tomboulis, Phys. Lett. 70B (1977) 361, and 97B (1980) 77;

B. Hasslacher and E. Mottola, Phys. Lett. 99B (1981) 221;

D. Boulware, G. Horowitz and A. Strominger, Phys. Rev. Lett. 50 (1983) 1726; D. Boulware and D. Gross, Nucl. Phys. B233 (1984) 1.

[9] S. Adler, Phys. Rev. Lett. 44 (1980) 1567, and Rev. Mod. Phys. 54 (1982) 729;

S. Adler, Phil. Trans. Roy. Soc. Lond. A310 (1983) 273. [10] E.T. Tomboulis, Phys. Rev. Lett. 52 (1984) 1173;

E.T. Tomboulis, in ‘Quantum Theory of Gravity : Essays in Honor of the 60th Birthday of Bryce S. DeWitt’, (Adam Hilgar, Bristol 1983).

[11] H. Hamber, plenary talk at the VII International Congress on Mathematical Physics, Boulder, Colorado, 1983; published in the proceedings (Physica 124A (1984) 365);

G. Parisi, 1984 Les Houches lectures on Gauge Theories (this volume). [12] T. Regge, Nuovo Cimento 19 (1961) 558.

[13] G. Ponzano and T. Regge, in ‘Spectroscopic and Group Theoretical Methods in Physics’, F. Bloch et al. eds., Wiley, New York 1968.

[14] J. A. Wheeler, in ‘Relativity, Groups and Topology’, edited by C. DeWitt and B.

DeWitt (Gordon and Breach, New York 1964).

[15] C.W. Misner, K.S. Thorn and J.A. Wheeler, ‘Gravitation’, Freeman, San Francisco 1973.

[16] M. Roček and R.M. Williams, in ‘Quantum Structure of Space and Time’, edited by M.J. Duff and C.J. Isham (Cambridge University press 1982).

[17] H. Weyl, ‘Space, Time, Matter, Dover, New York 1952.

W. Pauli, ‘Relativitá’, Boringhieri, Torino 1956. [18] C. Lanczos, Annals of Mathematics 39 (1938) 842.

[19] N.P. Konopleva and V.N. Popov, ‘Gauge Fields’, Harwood Academic Publishers, New York 1979.

[20] H. Leutwyler, Phys. Rev. 134 (1964) 1155;

E.S. Fradkin and G.A. Vilkovisky, Phys. Rev. D8 (1973) 4241; E.S. Fradkin and G.A. Vilkovisky, CERN preprint TH-2332 (1977), unpublished.

[21] A. Das, M. Kaku and P.K. Townsend, Phys. Lett. 81B (1979) 11;

L. Smolin, Nucl. Phys. B148 (1979) 333;

C. Mannion and J.G. Taylor, Phys. Lett. 100B (1981) 261; M. Kaku, Phys. Rev. D27 (1983) 2819; E.T. Tomboulis, Phys. Rev. Lett. 52 (1984) 1173; K. Kondo, Prog. Theor. Phys. 72 (1984) 841.

[22] J. Cheeger, J. Diff. Geom. 18 (1983) 575.

[23] P.S. Alexandroff, ‘Elementary Concepts of Topology’, Dover, New York 1961;

P.S. Alexandroff, ‘Combinatorial Topology’, Graylock Press, Rochester 1956. [24] A.D. Alexandroff, ‘Konvexe Polyeder’, Akademie Verlag, Berlin 1958. [25] J. Cheeger, W. Müller and R. Schrader, talk delivered at the Heisenberg Symposium, München 1981, Springer Lecture Notes in Physics, P. Breitlohner and H.P. Dürr eds., New York 1982.

[26] J. Cheeger, W. Müller and R. Schrader, Comm. Math. Phys. 92 (1984) 405. [27] W.A. Miller and J.A. Wheeler, ‘4-geodesy’, to be published in the proceedings of the ‘Workshop on Galactic and Extragalactic Dark Matter’, University of Rome (1983).

[28] H. Guggenheimer, ‘Differential Geometry’, Dover, New York 1963.

H. Hopf, ‘Differential Geometry in the Large’, Springer, New York 1977. [29] R. Bishop and S. Goldberg, ‘Tensor Analysis on Manifolds’, Dover, New York 1980.

[30] I.M. Singer and J.A. Thorpe, Lecture Notes in Elementary Topology and Geometry, Scott, Foresman and Co., Glenview, Ill. 1967.

[31] H. Hamber and R.M. Williams, Nucl. Phys. B248 (1984) 392. [32] N. Christ, R. Friedberg and T.D. Lee, Nucl. Phys. B202 (1982) 89;

T.D. Lee, ‘Discrete Mechanics’, (1983 Erice Lecture Notes), Columbia University preprint CU-TP-267 (March 1984).

[33] R. Friedberg and T.D. Lee, Nucl. Phys. B242 (1984) 145.

[34] M. Roček and R.M. Williams, Phys. Lett. 104B (1981) 31 and Z. Phys. C21 (1984) 371.

[35] G. Feinberg, R. Friedberg, T.D. Lee and H.C. Ren, Nucl. Phys. B245 (1984) 343. [36] C.Y. Wong, J. Math. Phys. 12 (1971) 70.

[37] P.A. Collins and R.M. Williams, Phys. Rev. D5 (1972) 1908; D7 (1973) 965; D10 (1974) 353.

[38] R.M. Williams and G.F.R. Ellis, Gen. Rel. Grav. 13 (1981) 361. [39] H. Coxeter, ‘Regular Polytopes’, Methuen and Co. Ltd., London, 1948;

H. Coxeter, ‘Regular Complex Polytopes’, Cambridge University press, 1974. [40] N. Warner, Proc. Roy. Soc. A383 (1982) 359.

[41] H.C. Ohanian, ‘Gravitation and Spacetime’, W.W. Norton and Co. Ltd., New York, 1976;

S. Weinberg, ‘Gravitation and Cosmology’, Wiley, New York 1972. [42] D.M.Y. Sommerville, Proc. Roy. Soc. of London, Ser.115 (1927) 103. [43] H. Hamber and R.M. Williams, Nucl. Phys. B269 (1986) 712. [44] N. Christ, R. Friedberg and T.D. Lee, Nucl. Phys. B202 (1982) 89;

C. Itzykson, Cargése Lecture Notes 1983, to be published in the proceedings. [45] J.B. Hartle, ‘Simplicial Minisuperspace I: General Discussion’, UC Santa Barbara preprint, June 1984, to appear in J. Math. Phys.; J.B. Hartle and R. Sorkin, Gen. Rel. Grav. 13 (1981) 541.

[46] J. Fröhlich, ‘Regge Calculus and Discretized Gravitational Functional Integrals’, I.H.E.S. preprint 1981 (unpublished).

[47] K. Osterwalder and R. Schrader, Comm. Math. Phys. 31 (1973) 83, and ibid. 42 (1975) 281;

J. Glimm and A. Jaffe, ‘Quantum Physics’ (Springer Verlag, New York, 1981); D. Brydges, J. Fröhlich and E. Seiler, Ann. Phys. (NY) 121 (1979) 227; E. Seiler, in ‘Gauge Theories as a Problem of Constructive Quantum Field Theory and Statistical Mechanics’, (Springer Verlag 1982); A. Klein and L.J. Landau, Comm. Math. Phys. 87 (1983) 469; J. Fröhlich, R. Israel, E.H. Lieb and B. Simon, Comm. Math. Phys. 62 (1978) 1.

[48] A.M. Polyakov, Phys. Lett. 103B (1981) 207, 211;

T. Banks and L. Susskind, Int. J. Theor. Phys. 23 (1984) 475; A. Jevicki and M. Ninomiya, Phys. Lett. 150B (1985) 115. M. Bander and C. Itzykson, UC Irvine preprint 84-74.

[49] T. Eguchi and H. Kawai, Phys. Lett. 110B (1981) 143;

B. Durhuus, J. Fröhlich and T. Jonnson, Nucl. Phys. B225 (1983) 185; D. Gross, Phys. Lett. 138B (1984) 185;

F. David, Saclay preprint SPh-T/84/125 (1984) and references therein. [50] S.I. Goldberg, ‘Curvature and Homology’, ch. 3, Dover, New York 1962. [51] G. Parisi and Y.-S. Wu, Sci. Sinica 24 (1981) 483;

J.R. Klauder, ‘Stochastic Quantization’, Lectures given at the XXII Schladming school, Bell Labs preprint, March 1983, to appear in the proceedings.

[52] G. Parisi, Nucl. Phys. B180 [FS2] (1981) 378 and ibidem B205 [FS5] (1982) 337.

[53] I. Guikhman and A. Skorokhod, ‘Introduction a la Théorie des Processus Aleatoires’, (Mir publishers, Moskow 1980).

[54] J.B. Hartle, ‘Simplicial Minisuperspace II: Some Classical Solutions on Simple Triangulations’, UCSB preprint TH-68, to appear in J. Math. Phys.

[55] H. Hamber and R.M. Williams, Phys. Lett. 157B (1985) 368. [56] H. Hamber and R.M. Williams, Nucl. Phys. B267 (1986) 482. [57] T. Fukai and K. Okano, Waseda preprint WU-HEP-84-8 [58] N.H. Barth and S.M. Christensen, Phys. Rev. D28 (1983) 1876. [55] S.W. Hawking, Phys. Lett. 134B (1984) 403.