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Abstract

Quantum corrections to the classical field equations, induced by a scale dependent gravitational constant, are analyzed in the case of the
static isotropic metric. The requirement of general covariance for the resulting non-local effective field equations puts severe restrictions on the
nature of the solutions that can be obtained. In general the existence of vacuum solutions to the effective field equations restricts the value of the
gravitational scaling exponent ν−1 to be a positive integer greater than one. We give further arguments suggesting that in fact only for ν−1 = 3
consistent solutions seem to exist in four dimensions.
© 2006 Elsevier B.V. All rights reserved.
Over the last few years evidence has been increasing to
suggest that quantum gravitation, even though plagued by un-
controllable divergences in standard weak coupling perturba-
tion theory [1], might actually make sense, and lead to testable
predictions at the non-perturbative level. These new results in
general arise from the non-trivial scaling properties of the grav-
itational coupling constants in the vicinity of a non-trivial ul-
traviolet fixed point in four dimensions. As is often the case in
physics, the best arguments do not come from often incomplete
and partial results in a single model, but more appropriately
from the level of consistency that various, often quite unrelated,
field theoretic approaches provide.

The main aspect we wish to investigate in this Letter is the
nature of the specific predictions about the running of Newton’s
constant G, as they apply to the standard static isotropic metric.
Our starting point will be the solution of the non-relativistic
Poisson equation, which for a localized point source can be
investigated for various values of the gravitational scaling ex-

* Corresponding author.
E-mail address: hhamber@uci.edu (H.W. Hamber).

1 On leave from the Department of Physics, University of California, Irvine,
CA 92717, USA.

2 Permanent address: Department of Applied Mathematics and Theoretical
Physics, Wilberforce Road, Cambridge CB3 0WA, United Kingdom.
0370-2693/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2006.10.049
ponent ν. But a more appropriate setting will be a relativistic,
generally covariant framework, wherein the effects of the lead-
ing quantum correction can be studied systematically, and for
which we will show that the existence of vacuum solutions
severely restricts the possible values for the exponent ν. Specif-
ically, we will show that no consistent solution to the effective
non-local field equations can be found unless ν−1 is an integer
greater than one. To check the overall consistency of the results,
a different approach to the solution of the covariant effective
field equations for the static isotropic metric will be pursued, in
terms of an effective vacuum density and pressure. In this case
one finds that unless the exponent ν is equal to 1/3, a consistent
solution cannot be obtained.

The starting point for our discussion is the form of the run-
ning gravitational coupling in the vicinity of the ultraviolet
fixed point at Gc , as obtained from the lattice theory of grav-
ity, and given in [3]

(1)G
(
k2) = Gc

[
1 + a0

(
m2

k2

) 1
2ν + O

((
m2/k2) 1

ν
)]

with m = 1/ξ , a0 > 0 and ν � 1/3. Usually the quantity Gc

in the above expression is identified with the laboratory scale
value,

√
Gc ∼ √

Gphys ∼ 1.6 × 10−33 cm, the reason being that
the scale ξ can be very large, roughly of the same order as the
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scaled cosmological constant λ. Quantum corrections on the
r.h.s. are therefore quite small as long as k2 � m2, which in
real space corresponds to the “short distance” regime r � ξ .3

For more details the reader is referred to the recent papers [3–5],
and further references therein.

For k2 → 0 the quantum correction proportional to a0 di-
verges, and the spurious infrared divergence needs to be regu-
lated. A natural infrared regulator exists in the form of m = 1/ξ ,
and therefore a properly infrared regulated version of the previ-
ous expression is

(2)G
(
k2) � Gc

[
1 + a0

(
m2

k2 + m2

) 1
2ν + · · ·

]

with m = 1/ξ the (tiny) infrared cutoff. Thus the gravitational
coupling approaches the finite value G∞ = (1+a0 +· · ·)Gc , in-
dependent of m = 1/ξ , at very large distances r � ξ . The pro-
cedure for removing the spurious infrared divergence of Eq. (1)
at small k2 completely parallels the situation in non-Abelian
gauge theories, where similar spurious infrared divergences ap-
pear [11,12]. There too the parameter m = ξ−1, related to the
non-perturbative gluon condensate, acts as a natural infrared
regulator. A less elegant, but equivalent, procedure would con-
sist in cutting off momentum integrals at kmin = m, but we shall
not pursue such an approach here.4

In this work we will be concerned with the static limit, where
the non-relativistic Newtonian potential can be defined as

(3)φ(r) = (−M)

∫
d3k

(2π)3
eik·xG

(
k2)4π

k2
.

The static potential φ(r) can be obtained from Eq. (2) directly
by Fourier transform, or equivalently from the solution of Pois-
son’s equation with a point source at the origin. In the limit of
weak fields, the relativistic field equations give for the φ field
(with g00(x) � −(1 + 2φ(x)))

(4)�φ(x) = 4πGρ(x)

and for a point source at the origin the first term on the r.h.s. is
just 4πMGδ(3)(x). The solution for φ(r), obtained by Fourier
transforming back to real space Eq. (3), gives in the large r limit

(5)φ(r) ∼
r→∞ −MG

r

[
1 + a0

(
1 − cl(mr)

1
2ν

−1e−mr
)]

with cl = 1/(ν2
1

2ν 
( 1
2ν

)). The part in G(k2) proportional to a0
can equivalently be represented as a source term ρm in Pois-
son’s equation, the latter determined from the inverse Fourier

3 The result of Eq. (1) is in fact quite similar what one finds for gravity in
2 + ε dimensions [6–8], if one allows for a different value of exponent ν as one
transitions from two to four dimensions, G(k2) � Gc(1 + (m2/k2)(d−2)/2 +
· · ·). See also the recent results discussed in [9,10].

4 In addition, the above expression of the running of G only applies to the

scaling regime for which k � l−1
P

, corresponding to distances much larger than
the Planck length. At distances comparable to the Planck length string correc-
tions, higher derivative terms and conformal anomaly contributions should be
considered as well [3].
transform of the correction term in Eq. (2),

(6)a0M

(
m2

k2 + m2

) 1
2ν

.

One finds

(7)ρm(r) = 1

8π
cνa0Mm3(mr)−

1
2 (3− 1

ν
)K 1

2 (3− 1
ν
)
(mr)

with cν ≡ 2
1
2 (5− 1

ν
)/

√
π
( 1

2ν
). Note that the vacuum polariza-

tion density ρm(r) has the normalization property

(8)4π

∞∫
0

r2 dr ρm(r) = a0M

and that ρm(r) diverges at small r for ν � 1/3. In the small
r limit and for general ν > 1

3 , one then finds from Poisson’s
equation, using the expansion of the modified Bessel function
Kn(x) for small arguments,

(9)φ(r) ∼
r→0

−MG

r
+ a0MGcsm

1
ν r

1
ν
−1 + · · ·

with cs = ν|sec( π
2ν

)|/
( 1
ν
).

Solutions to Poisson’s equation with a running G provide
some useful insights into the structure of quantum corrections,
but a complete analysis requires a study of the full relativistic
field equations, which will be discussed next. A set of effective
field equations incorporating the running of G is obtained from
the replacement [2]

(10)

G → G(�) = G

[
1 + a0

(
m2

�
) 1

2ν + · · ·
]

≡ G
(
1 + A(�)

)

with the d’Alembertian � expressing the running of G as in
either Eqs. (1) or (2). The non-local effective field equations
then read

(11)Rμν − 1

2
gμνR + λgμν = 8πG

(
1 + A(�)

)
Tμν

with A(�) given by Eq. (10), and λ � 1/ξ2. The use of the
d’Alembertian � to describe the running of couplings in gauge
theories and quantum gravity was discussed in some detail, for
example, in [13]. The corresponding trace equation is

(12)R − 4λ = −8πG
(
1 + A(�)

)
T .

Being manifestly covariant, these expressions at least satisfy
some of the requirements for a set of consistent field equations
incorporating the running of G. The d’Alembertian � operator
is defined here through the appropriate combination of covari-
ant derivatives

(13)� ≡ gμν∇μ∇ν

and its explicit form depends on the specific tensor nature of the
object it is acting on. In general the operator A(�) has to be de-
fined by a suitable analytic continuation from positive integer
powers, which is usually done by computing �n for positive in-
teger n, and then analytically continuing to n → −1/2ν. Let
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us set for now the cosmological constant λ = 0, since its con-
tribution can always be added at a later stage. As long as one
is interested in static isotropic solutions, one can take for the
metric the most general form

(14)ds2 = −B(r) dt2 + A(r) dr2 + r2(dθ2 + sin2 θ dϕ2).
For the energy momentum tensor we will take the perfect fluid
form

(15)Tμν = diag
[
B(r)ρ(r),A(r)p(r), r2p(r), r2 sin2 θp(r)

]
and a point source as the origin is simply represented as

(16)Tμν(r) = diag
[
B(r)ρ(r),0,0,0

]
with the source proportional to a 3 − d delta function.

Consider first the trace equation

R = −8πG(�)T ≡ −8πG
(
1 + A(�)

)
T

(17)= +8πG
(
1 + A(�)

)
ρ,

where we have used the fact that the point source at the origin
is described just by the density term. One then computes the
repeated action of the invariant d’Alembertian on T ,

�(−8πGT )

= �(+8πGρ)

(18)= 16Gπρ ′

rA
− 4GπA′ρ′

A2
+ 4GπB ′ρ′

AB
+ 8Gπρ′′

A
.

In view of the rapidly escalating complexity of the problem, it
seems sensible to expand around the Schwarzschild solution,
and set

A(r)−1 = 1 − 2MG

r
+ σ(r)

r
,

(19)B(r) = 1 − 2MG

r
+ θ(r)

r
,

where the correction to the standard solution are parametrized
here by the two functions σ(r) and θ(r), both assumed to be
“small”, i.e. proportional to a0 as in Eq. (10), with a0 consid-
ered a small parameter. To simplify the problem even further,
we will assume that for 2MG � r � ξ (the “physical” regime)
one can set

(20)σ(r) = −a0MGcσ rα, θ(r) = −a0MGcθr
β.

This assumption is in part justified by the form of the non-
relativistic correction of Eq. (9). Then for α = β (the equations
seem impossible to satisfy if α and β are different) one obtains
for the scalar curvature

(21)R = 0 + α
(
2cσ + (α − 1)cθ

)
a0MGrα−3 + O

(
a2

0

)
.

A first result can be obtained in the following way. Since in
the ordinary Einstein case one has for a perfect fluid R =
−8πGT = +8πG(ρ − 3p), and since ρm(r) ∼ r

1
ν
−3 from

Eq. (7) in the same regime, one concludes that a solution is
given by

(22)α = 1

ν

which is also consistent with the Poisson equation result of
Eq. (9).

The next step up would be the consideration of the action of� on the point source, as it appears in the full effective field
equations of Eq. (11), with again Tμν described by Eq. (16).
One perhaps surprising fact is the generation of an effective
pressure term by the action of �, suggesting that both terms
should arise in the correct description of vacuum polarization
effects,

(�Tμν)tt = −ρB ′2

2AB
+ 2Bρ′

rA
− BA′ρ′

2A2
+ B ′ρ′

2A
+ Bρ′′

A
,

(23)(�Tμν)rr = −ρB ′2

2B2

and (�Tμν)θθ = (�Tμν)ϕϕ = 0. A similar effect, namely the
generation of an effective vacuum pressure term in the field
equations by the action of �, was seen already in the case of
the Robertson–Walker [2].

To check the overall consistency of the approach, consider
next the set of effective field equations that are obtained when
the operator (1 + A(�)) appearing in Eqs. (11) and (12) is
moved over to the gravitational side. Since the r.h.s. of the field
equations then vanishes for r = 0, one has apparently reduced
the problem to one of finding vacuum solutions of a modified,
non-local field equation. Let us first look at the relatively simple
trace equation. If we denote by δR the lowest order variation
(that is, of order a0) in the scalar curvature over the ordinary
vacuum solution R = 0, then one has

(24)
1

8πGA(�)
δR = 0.

On a generic scalar function F(r) one has the following action
of the covariant d’Alembertian �:

(25)�F(r) = −A′F ′

2A2
+ B ′F ′

2AB
+ 2F ′

rA
+ F ′′

A
.

Assuming a power law correction, as in Eq. (20), with α = β ,
as in Eq. (21), one then finds

�R → a0MGrα−5(2cσ + cθ (α − 1)
)
α(α − 2)(α − 3),

(26)

�2R → a0MGrα−7(2cσ + cθ (α − 1)
)

× α(α − 2)(α − 3)(α − 4)(α − 5)

and so on, and for general n → + 1
2ν

(27)

�nR → a0MG
(
2cσ + cθ (α − 1)

)α
(2 + 1
ν

− α)


(2 − α)
rα− 1

ν
−3.

Therefore the only possible power solution for r � MG is α =
0,2, . . . , 1

ν
+ 1, with cσ and cθ unconstrained to this order.

Next we examine the full effective field equations (as op-
posed to just their trace part) as in Eq. (11) with λ = 0. If one
denotes by δGμν ≡ δ(Rμν − 1

2gμνR) the lowest order variation
(that is, of order a0) in the Einstein tensor over the ordinary
vacuum solution Gμν = 0, then one has

(28)
1

δ

(
Rμν − 1

gμνR

)
= 0
8πGA(�) 2
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again for r = 0. Here the covariant d’Alembertian operator �
acts on a second rank tensor and would thus seem to require
the calculation of as many as 1920 terms, of which many for-
tunately vanish by symmetry. In the static isotropic case the
components of the Einstein tensor are given by

Gtt = A′B
rA2

− B

r2A
+ B

r2
,

Grr = − A

r2
+ B ′

rB
+ 1

r2
,

Gθθ = −B ′2r2

4AB2
− A′B ′r2

4A2B
+ B ′′r2

2AB
− A′r

2A2
+ B ′r

2AB
,

(29)Gϕϕ = sin2 θGθθ .

After acting with � on this expression one finds a rather com-
plicated result. Here we will list only (�G)tt :

6BA′3

rA5
+ 2BA′2

r2A4
− 4B ′A′2

rA4
− 2BA′

r3A3
− 6BA′′A′

rA4
+ B ′′A′

rA3

+ 6B

r4A
− 6B

r4A2
− 4B ′

r3A
+ 4B ′

r3A2
− BA′′

r2A3
+ 2B ′A′′

rA3

(30)+ B ′′

r2A
− B ′′

r2A2
+ BA(3)

rA3
.

If one again assumes that the corrections are given by a power,
as in Eq. (20), with α = β , then one has to lowest order

Gtt = a0MGcσ αrα−3,

Grr = −a0MG
(
cσ + cθ (α − 1)

)
rα−3,

(31)Gθθ = −1

2
a0MG

(
cσ + cθ (α − 1)

)
(α − 1)rα−1

with the ϕϕ component again proportional to the θθ compo-
nent. Applying � on the above Einstein tensor one then gets

(�G)tt = a0GMcσ α(α − 2)(α − 3)rα−5,

(�G)rr = −a0GM
(
cσ + cθ (α − 1)

)
α(α − 3)rα−5,

(32)(�G)θθ = −1

2
a0GM

(
cσ + cθ (α − 1)

)
α(α − 3)2rα−3

(with the ϕϕ component proportional to the θθ component),
and so on. One then has for general n → + 1

2ν

(�nG
)
t t

→ a0GMcσ


(2 + 1
ν

− α)

(α − 1)
(−α)
rα−3− 1

ν ,(�nG
)
rr

→ −a0GM
(
cσ + cθ (α − 1)

)
× 
(2 + 1

ν
− α)

(α − 1)(α − 1
ν
)
(−α)

rα−3− 1
ν ,

(33)

(�nG
)
θθ

→ −1

2
a0GM

(
cσ + cθ (α − 1)

)
× (α − 1 − 1

ν
)
(2 + 1

ν
− α)

(α − 1)(α − 1
ν
)
(−α)

rα−1− 1
ν .

Inspection of the above results reveals a common factor
1/
(−α), which would allow only integer powers α = 0,1,

2, . . . , but the additional factor of 1/(α − 1) excludes α = 1
from being a solution. Even for α close to 1/ν (as expected on
the basis of the non-relativistic expression of Eq. (9), as well as
from Eq. (22)) ν ∼ 1/α − ε only integer values α = 2,3,4, . . .

are allowed. In general the problem of finding a complete gen-
eral solution to the effective field equations by this method
lies in the difficulty of computing arbitrarily high powers of� on general functions such as σ(r) and θ(r), which eventu-
ally involve a large number of derivatives. Assuming for these
functions a power law dependence on r simplifies the problem
considerably, but also restricts the kind of solutions that one is
likely to find. More specifically, if the solution involves (say for
small r , but still with r � 2MG) a term of the type rα lnmr ,
as in Eqs. (9), (48) and (51) for ν → 1/3, then this method
will have to be dealt with very carefully. This is presumably the
reason why in some of the 
-function coefficients encountered
here one finds a power solution (in fact α = 3) for ν close to a
third, but one gets indeterminate expression if one sets exactly
α = 1/ν = 3.

The earlier discussion of the non-relativistic case suggests
that the quantum correction due to the running of G can be
approximately described by Poisson’s equation, with a source
term related to a vacuum energy density ρm(r), distributed
around the static source of strength M in accordance with the
result of Eqs. (7) and (8). These expressions, in turn, were
obtained by Fourier transforming back to real space the orig-
inal result for G(k2) of Eq. (2). Furthermore, in the preceding
discussion of the relativistic case it was found (as in [2] for
the Robertson–Walker metric case) that a manifestly covari-
ant implementation of the running of G, via the G(�) given
in Eq. (10), will induce a non-vanishing effective pressure term
in the field equations. This result can be seen clearly, in the
case of the static isotropic metric, for example from the result
of Eq. (23). We will therefore now consider a relativistic per-
fect fluid, with energy–momentum tensor, which in the static
isotropic case reduces to Eq. (15). The t t , rr and θθ compo-
nents of the field equations then read

−λB + A′B
rA2

− B

r2A
+ B

r2
= 8πGBρ,

λA − A

r2
+ B ′

rB
+ 1

r2
= 8πGAp,

(34)

λr2 − B ′2r2

4AB2
− A′B ′r2

4A2B
+ B ′′r2

2AB
− A′r

2A2
+ B ′r

2AB
= 8πGr2p

with the ϕϕ component equal to sin2 θ times the θθ component.
Energy conservation ∇μTμν = 0 implies

(35)(p + ρ)
B ′

2B
+ p′ = 0

and forces a definite relationship between B(r), ρ(r) and p(r).
The three field equations and the energy conservation equation
are, as usual, not independent, because of the Bianchi identity.

It seems reasonable to attempt to solve the above equations
(usually considered in the context of relativistic stellar struc-
ture) with the density given by the ρm(r) of Eq. (7). This of
course raises the question of how the relativistic pressure p(r)

should be chosen, an issue that the non-relativistic calculation
did not have to address. We will argue below that covariant
energy conservation completely determines the pressure in the
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static case, leading to consistent equations and solutions (note
that in particular it would not be consistent to take p(r) = 0).
Since the function B(r) drops out of the t t field equation, the
latter can be integrated immediately, giving

(36)A(r)−1 = 1 + c1

r
− λ

3
r2 − 8πG

r

r∫
0

dx x2ρ(x).

It also seems natural here to identify c1 = −2MG, which of
course corresponds to the correct solution for a0 = 0 (p =
ρ = 0). Next, the rr field equation can be solved for B(r),

(37)

B(r) = exp

{
c2 −

r∫
r0

dy
1 + A(y)(λy2 − 8πGy2p(y) − 1)

y

}

with the constant c2 again determined by the requirement that
the above expression for B(r) reduce to the standard Schwarz-
schild solution for a0 = 0 (p = ρ = 0), giving c2 = ln(1 −
2MG/r0 − λr2

0/3). The last task left therefore is the deter-
mination of the pressure p(r). Using the rr field equation,
B ′(r)/B(r) can be expressed in term of A(r) in the energy
conservation equation. Inserting then the explicit expression for
A(r), from Eq. (36), one obtains

p′(r) +
(

8πGr3p(r) + 2MG − 2

3
λr3 + 8πG

r∫
r0

dx x2ρ(x)

)

× (
p(r) + ρ(r)

)

(38)

×
[

2r

(
r − 2MG − λ

3
r3 − 8πG

r∫
0

dx x2ρ(x)

)]−1

= 0

which is usually referred to as the equation of hydrostatic equi-
librium. From now on we will focus only the case λ = 0. The
last equation, a non-linear differential equation for p(r), can
be solved to give the desired solution p(r), which then, by
Eq. (37), determines the remaining function B(r). In our case
though it will be sufficient to solve the above equation for small
a0, where a0 (see Eqs. (2) and (7)) is the dimensionless parame-
ter which, when set to zero, makes the solution revert back to
the classical one. It will also be convenient to pull out of A(r)

and B(r) the Schwarzschild solution part, by introducing the
small corrections σ(r) and θ(r), as defined in Eq. (19), both of
which are expected to be proportional to the parameter a0. One
then has

θ(r) = exp

{
c2 +

r∫
r0

dy
1 + 8πGy2p(y)

y − 2MG − 8πG
∫ y

0 dx x2ρ(x)

}

(39)+ 2MG − r.

Again, the integration constant c2 needs to be chosen here
so that the normal Schwarzschild solution is recovered for
p = ρ = 0. To order a0 the resulting equation for p(r), from
Eq. (38), is

(40)
MG(p(r) + ρ(r)) + p′(r) � 0.
r(r − 2MG)
Note that in regions where p(r) is slowly varying, p′(r) � 0,
one has p � −ρ, i.e. the fluid contribution is acting like a cos-
mological constant term with σ(r) ∼ θ(r) ∼ −(ρ/3)r3. The
last differential equation can then be solved for p(r),

(41)pm(r) = 1√
1 − 2MG

r

(
c3 −

r∫
r0

dz
MGρ(z)

z2
√

1 − 2MG
z

)
,

where the constant of integration has to be chosen so that when
ρ(r) = 0 (no quantum correction) one has p(r) = 0 as well.
Because of the singularity in the integrand at r = 2MG, we
will take the lower limit in the integral to be r0 = 2MG + ε,
with ε → 0. To proceed further, one needs the explicit form
for ρm(r), which was given in Eqs. (7) and (8). The required
integrands involve for general ν the modified Bessel function
Kn(x), and can be therefore a bit complicated. Here we will
limit our investigation to the small r (mr � 1) and large r

(mr � 1) behavior. Since m = 1/ξ is very small, the first limit
appears to be of greater physical interest. For small r the den-
sity ρm(r) has the following behavior (see Eq. (7)),

(42)ρm(r) ∼
r→0

A0r
1
ν
−3

for ν > 1/3, with the constant

(43)A0 = |sec( π
2ν

)|
4π
( 1

ν
− 1)

a0Mm
1
ν

determined from the small x behavior of the modified Bessel
function Kn(x). For ν < 1/3 ρm(r) ∼ const × a0Mm3, inde-
pendent of r . For ν = 1/3 the expression for ρm(r) is given
later in Eq. (46). Therefore in this limit, with 1

3 < ν < 1, one
has

(44)A−1(r) = 1 − 2MG

r
− 2a0MGcsm

1
ν r

1
ν
−1 + · · ·

with the constant cs = ν|sec( π
2ν

)|/
( 1
ν

− 1). For ν = 1/3 the
last contribution is indistinguishable from a cosmological con-
stant term −λ

3 r2, except for the fact that the coefficient here is
quite different, being proportional to ∼ a0MGm3. To determine
the pressure, we suppose that it as well has a power depen-
dence on r in the regime under consideration, pm(r) = cpA0r

γ ,
where cp is a numerical constant, and then substitute pm(r)

into the pressure equation (40). This gives, past the horizon
r � 2MG,

(45)(2γ − 1)cpMGrγ−1 − cpγ rγ − MGr1/ν−4 � 0

giving the same power γ = 1/ν − 3 as for ρ(r), cp = −1 and
surprisingly also γ = 0, implying that in this regime only ν =
1/3 gives a consistent solution. Again, the resulting correction
is quite similar to what one would expect from a cosmological

term, with an effective λm/3 � 8πνa0MGm
1
ν .

The case ν = 1/3 requires special treatment, and one needs
to go back to the expression for ρm(r) for ν = 1/3,

(46)ρm(r) = 1

2π2
a0Mm3K0(mr).
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For small r one then has

(47)ρm(r) = − a0

2π2
Mm3

(
ln

mr

2
+ γ

)
+ · · ·

and consequently from Eq. (36),

(48)A−1(r) = 1 − 2MG

r
+ 4a0MGm3

3π
r2 ln(mr) + · · · .

From Eq. (40) one then obtains an expression for the pressure
pm(r), and one finds

pm(r) = a0Mm3 log(mr)

2π2

−
a0Mm3 log(r + r

√
1 − 2MG

r
− MG)

2π2
√

1 − 2MG
r

(49)+ a0Mm3

π2
+ a0Mm3c3

2π2
√

1 − 2MG
r

,

where c3 is again an integration constant. Here we will be con-
tent with the r � 2MG limit of the above expression, which
we shall write therefore as

(50)pm(r) = a0

2π2
Mm3 ln(mr) + · · · .

After performing the required r integral in Eq. (39), and eval-
uating the resulting expression in the limit r � 2MG, one ob-
tains an expression for θ(r), and from it

(51)B(r) = 1 − 2MG

r
+ 4a0MGm3

3π
r2 ln(mr) + · · · .

The expressions for A(r) and B(r) are, for r � 2MG, consis-
tent with a gradual slow increase in G in accordance with the
formula

(52)G → G(r) = G

(
1 + a0

3π
m3r3 ln

1

m2r2
+ · · ·

)

and therefore consistent as well with the original result of
Eqs. (1) or (2), namely that the classical laboratory value of
G is obtained for r � ξ . In fact it is quite reassuring that the
renormalization properties of G(r) as inferred from A(r) are
the same as what one finds from B(r). For large r one has in-
stead, from Eq. (7) for ρm(r),

(53)ρm(r) ∼
r→∞ A0r

1
2ν

−2e−mr

with A0 = 1/
√

128πcνa0Mm1+ 1
2ν . In the same limit, the in-

tegration constants is chosen so that the solution for A(r) and
B(r) at large r corresponds to a mass M ′ = (1 + a0)M (see the
expression for the integrated density in Eq. (8)), or equivalently

(54)σ(r) ∼ θ(r) ∼
r→∞ −2a0MG.

One then recovers a result similar to the non-relativistic ex-
pression of Eq. (5), with G(r) approaching the constant value
G∞ = (1+a0)G, up to an exponentially small correction in mr

at large r .
In conclusion, it appears that a solution to the relativistic
static isotropic problem of the running gravitational constant
can be found, provided that the exponent ν in either Eq. (2)
or Eq. (11) is close to one third. This last result seems to be
linked with the fact that the running coupling term acts in some
way like a local cosmological constant term, for which the r

dependence of the vacuum solution for small r is fixed by
the nature of the Schwarzschild solution with a cosmological
constant term. Furthermore, in d � 4 dimensions the Schwarz-
schild solution to Einstein gravity with a cosmological term is
given by [14]

A−1(r) = B(r)

(55)= 1 − 8MGπ
(d−1
2 )

(d − 2)π
d−1

2

r3−d − 2λ

(d − 2)(d − 1)
r2

which would suggest, in analogy with the results for d = 4
given previously, that in d � 4 dimensions only ν = 1/(d −1) is
possible, if the correction again behaves locally like a cosmo-
logical constant term. This last result would also be in agree-
ment with the exact value ν = 0 found at d = ∞ [5], as well as
with approximate renormalization group studies [10].

To summarize, the starting point for our discussion of the
renormalization group running of G is Eq. (1), valid at short
distances k � m, or its improved infrared regulated version of
Eq. (2). While a solution to the non-relativistic Poisson equa-
tion can be given for various values of the exponent ν, the
scale dependence of G can also be consistently embedded in
a relativistic covariant framework using the d’Alembertian �
operator. This then leads to a set of non-local effective field
equations, whose consequences can be worked out for the static
isotropic metric, at least in a regime where 2MG � r � ξ , and
under the assumption of a power law correction. We have found
that the structure of the leading quantum correction is such that
it severely restricts the possible values for the exponent ν, in the
sense that no consistent solution to the effective non-local field
equations, incorporating the running of G, can be found unless
ν−1 is an integer. A somewhat different approach to the solution
of the static isotropic metric was pursued in terms of an effec-
tive vacuum density of Eq. (7), and a vacuum pressure chosen
so as to satisfy a covariant energy conservation for the vacuum
polarization contribution. The main result there is the deriva-
tion, from the relativistic field equations, of an expression for
the metric coefficients A(r) and B(r), given for 2MG � r � ξ

in Eqs. (48), (51) and (52). From the nature of the solution for
A(r) and B(r) one finds again that unless the exponent ν is
close to 1/3, a consistent solution to the field equations cannot
be found.

In related papers, the authors of Refs. [15,16] have also
investigated quantum corrections to the Schwarzschild metric
arising from scale dependent gravitational couplings. In con-
trast to the results presented here, these approaches are not
based on a manifestly covariant set of effective field equations
incorporating the renormalization group running of G, and pro-
vide therefore no useful constraint on the gravitational scaling
dimensions, arising in our work from the imposition of general
covariance.



234 H.W. Hamber, R.M. Williams / Physics Letters B 643 (2006) 228–234
Acknowledgements

The authors wish to thank Luis Álvarez Gaumé, Gabriele
Veneziano and the Theory Division at CERN for their warm
hospitality. The work of Ruth M. Williams was supported in
part by the UK Particle Physics and Astronomy Research Coun-
cil.

References

[1] G. ’t Hooft, M. Veltman, Ann. Inst. H. Poincaré 20 (1974) 69;
S. Deser, P. van Nieuwenhuizen, Phys. Rev. D 10 (1974) 401;
S. Deser, P. van Nieuwenhuizen, Phys. Rev. D 10 (1974) 410.

[2] H.W. Hamber, R.M. Williams, Phys. Rev. D 72 (2005) 044026;
H.W. Hamber, R.M. Williams, Mod. Phys. Lett. A 21 (2006) 735;
H.W. Hamber, R.M. Williams, CERN-PH-TH/2006-145.

[3] H.W. Hamber, Phys. Rev. D 45 (1992) 507;
H.W. Hamber, Phys. Rev. D 61 (2000) 124008.

[4] H.W. Hamber, R.M. Williams, Nucl. Phys. B 435 (1995) 361;
H.W. Hamber, R.M. Williams, Phys. Rev. D 59 (1999) 064014;
H.W. Hamber, R.M. Williams, Phys. Rev. D 70 (2004) 124007.

[5] H.W. Hamber, R.M. Williams, Phys. Rev. D 73 (2006) 044031.
[6] H.S. Tsao, Phys. Lett. B 68 (1977) 79;

R. Gastmans, R. Kallosh, C. Truffin, Nucl. Phys. B 133 (1978) 417;
S.M. Christensen, M.J. Duff, Phys. Lett. B 79 (1978) 213.

[7] S. Weinberg, in: S.W. Hawking, W. Israel (Eds.), General Relativity—An
Einstein Centenary Survey, Cambridge Univ. Press, Cambridge, 1979.
[8] T. Aida, Y. Kitazawa, Nucl. Phys. B 491 (1997) 427, and references
therein.

[9] M. Reuter, F. Saueressig, Phys. Rev. D 65 (2002) 065016;
O. Lauscher, M. Reuter, Class. Quantum Grav. 19 (2002) 483.

[10] D. Litim, Phys. Rev. Lett. 92 (2004) 201301;
D. Litim, CERN-Th-2005-256, hep-th/0606044;
P. Fischer, D.F. Litim, Phys. Lett. B 638 (2006) 497.

[11] Y.L. Dokshitzer, G. Marchesini, B.R. Webber, Nucl. Phys. B 469 (1996)
93;
A.V. Manohar, M.B. Wise, Phys. Lett. B 344 (1995) 407;
R. Akhoury, V.I. Zakharov, Phys. Lett. B 357 (1995) 646;
B.R. Webber, Nucl. Phys. B (Proc. Suppl.) 71 (1999) 66.

[12] M. Beneke, Phys. Rep. 317 (1999) 1;
M. Beneke, V.M. Braun, Nucl. Phys. B 454 (1995) 253.

[13] G.A. Vilkovisky, Nucl. Phys. B 234 (1984) 125;
G.A. Vilkovisky, Class. Quantum Grav. 9 (1992) 895;
A.O. Barvinsky, G.A. Vilkovisky, Nucl. Phys. B 282 (1987) 163;
A.O. Barvinsky, G.A. Vilkovisky, Nucl. Phys. B 333 (1990) 471;
A.O. Barvinsky, G.A. Vilkovisky, Nucl. Phys. B 333 (1990) 512.

[14] R.C. Myers, M.J. Perry, Ann. Phys. 172 (1986) 304;
D.Y. Xu, Class. Quantum Grav. 5 (1988) 871.

[15] A. Bonanno, M. Reuter, Phys. Rev. D 62 (2000) 043008;
A. Bonanno, M. Reuter, Phys. Rev. D 73 (2006) 083005.

[16] A. Bonanno, M. Reuter, Phys. Lett. B 527 (2002) 9;
A. Babic, B. Guberina, R. Horvat, H. Stefancic, Phys. Rev. D 71 (2005)
124041.


	Constraints on gravitational scaling dimensions from non-local effective field equations
	Acknowledgements
	References


