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A numericalevaluationof the discretepath integralfor purelatticegravity, with and
without higherderivative terms,andusing the lattice analogof the DeWitt gravitational
measure,showsthe existenceof a well-behavedgroundstatefor sufficiently stronggravity
(G ~ Ge). Close to the continuouscritical point separatingthe smoothfrom the rough
phaseof gravity, the critical exponentsareestimatedusinga varietyof methodson lattices
with up to 15 x l6~= 1 572864simplices.With periodicboundaryconditions(four-torus)
the averagecurvatureapproacheszero at the critical point. Curvaturefluctuationsdiverge
at this point, while thefluctuationsin the local volumesremainbounded.The value ofthe
curvaturecritical exponentis estimatedto be ö = 0.626(25),when the critical point is
approachedfrom the smoothphase.In this phase,aswell as at the critical point, thefractal
dimensionis consistentwith four, the euclideanvalue. In the (physicallyunacceptable)
rough, collapsedphasethe fractal dimensionsis closer to two, in agreementwith earlier
resultswhich suggesteda discontinuity in the fractal dimensionsat the critical point. For
sufficientlysmall higherderivativecoupling,andin particularfor the pureRegge-Einstein
action, the transition betweenthe smoothandroughphasebecomesfirst order, suggesting
theexistenceof amulticritical point separatingthecontinuousfrom thediscontinuousphase
transitionline.

1. Introduction

Recently therehasbeena renewedinterestin discretemodelsfor quantum
gravity. In thispaperweshallconcentrateon the simplicial formulationof quan-
tum gravity, alsoknownas the ReggeCalculusapproach,andrefineandextend
someof theresultspresentedin refs. [1,2]. It is well knownthatat theclassical
level the theory is completelyequivalentto generalrelativity, and the corre-
spondenceis particularly transparentin the usual weak-field expansion[31,
with theinvariant edgelengthsplayingthe role of infinitesimalgeodesicsin the
continuum.The correspondencebetweenlattice andcontinuumquantitiesis
straightforward,andso is the interpretationof the termsin the action, as well
asthe identificationandseparationof the measurecontribution.

* Thiswork supportedin partby theNationalScienceFoundationundergrantNSF-PHY-8906641

0550-3213/93/$06.00© 1993—ElsevierSciencePublishersBY. All rights reserved



348 H.W. Hamber/ Phasesofsimplicial quantumgravity

In the limit of smooth manifoldswith small curvatures,one can showthat
the full continuousdiffeomorphisminvarianceis recovered.In addition the
latticemodelhasa trivial piecewisediffeomorphisminvariance,corresponding
to coordinatetransformationswithin the flat simplices,as well as relabelingof
the vertices.Away from almost flat manifoldsthe continuousdiffeomorphism
invarianceis lost, anddifferent configurationsof edgelengthswill in general
correspondto differentmanifolds.In this sensethereis no gaugeinvariancein
simplicial gravity exceptin the smoothlimit. On the otherhandthe theory is
formulatedentirely in termsof coordinateinvariantquantities,theedgelengths,
which form the elementarydegreesof freedomin the theory [2,4,5].

Since quantumgravity is not well definedin the continuum,a numberof
technicalandconceptualdifficulties, relatedto the gravitationalmeasurefactor
[6], the unboundednessof the Euclideangravitationalaction [7], andthe lack
of perturbativerenormalizabilityabovetwo dimensions[8], persistin thelattice
formulationas well (in fact in all known lattice formulations).

It seemsclear that non-perturbativemethodsare necessaryin trying to un-
derstatethe natureof the groundstatein quantumgravity. A descriptionof the
constructionof the actionandmeasurefor simplicial latticegravity, inspiredby
Regge’soriginal work [5], canbe found in ref. [2]. It wasshownsometime ago
that,undersuitableconditions,the gravitationalmeasureandthe cosmological
term stabilizethe gravitationalaction, andleadto a convergentpath integral,
evenin the caseof the pure Reggeaction. As the bare Newton’s constantis
varied, a continuousphasetransition is found, separatinga “smooth” from a
“rough” phaseof gravity [2]. In the first phasethe curvatureis smallandnega-
tive, andthe fractaldimensionis consistentwith four. In the secondphasethe
simplicesarecollapsed,the curvatureis large andpositive, andthe fractal di-
mensionis muchlessthanfour, indicating thepresenceof finger-like structures,
reminiscentof theunboundedfluctuationsin theconformalmodein the contin-
uum. Approachingthe critical point from the only physicallyacceptablephase,
the smoothone, it was foundmore recentlythat the curvaturevanisheswith
an exponentô = 0.62(5) [1]. At the critical point the curvaturefluctuations
diverge,leading to the possibility of defininga non-trivial lattice continuum.
This paperwill be devotedto extendingandrefining the resultspresentedin
refs. [1]. In particularmoreaccurateresultsfor the exponentswill be obtained
on ratherlargelattices (upto 1 572864 simplices,or 3276800hinges),a finite-
sizescalinganalysiswill be described,andnew resultsfor the fractal dimension
will be discussed.At the endof the paperwe will touchon someissuesrelated
to the natureof correlationsin simplicial quantumgravity.

On the latticethereis a lot of freedomin how onechoosesto definethe ac-
tion, themeasure,the underlyinglatticestructure,andthecorrelationfunctions,
just astherearemanywaysof finite differencinga derivative.Givenreasonable
geometricandpositivity properties,universalityis expectedto leadto the same
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resultsfor quantitieslike physicalobservables,exponents,anomalousdimen-
sionsetc., in somecontinuumlimit. In two dimensionthis hasbeenverified
explicitly in the caseof two-dimensionalgravity [9], wheregood agreementis
foundbetweenthe latticegravity resultsandthe conformalfield theorypredic-
tions.

It is possibleto formulatesimplicial quantumgravity on anytypeof sensible
lattice, includinga randomone.But a greatsimplification occursif oneadopts
a “regular” lattice (in the sensethat the coordinationnumberis fixed at each
vertex,but leavingof coursethe edgelengthsarbitrary), since it is somewhat
easierto work with bothfrom an analyticalas well as a computationalpoint of
view. The continuouslatticediffeomorphisminvariancementionedpreviously
isof coursenot lostby goingto sucha lattice.As in refs. [1,21,wewill discussin
thefollowing resultsfor a simplicial complextopologically equivalentto atorus
in four dimensions.One could adopta different set of boundaryconditions,
but in the endone expectsshort distancerenormalizationeffects andcritical
behavior (andthereforethe latticecontinuumlimit) to be independentof the
boundaryconditionsandthe topology.

Recentlytherealsohasbeensomework on three-andfour-dimensionalgen-
eralizationsof the original dynamicaltriangulationmodel [10—131,usingequi-
lateral tetrahedraandsimplices, andperforming the sum over triangulations
usingAlexandermoves [14]. This developmentrepresentsan alternativeand
complementaryapproachto whatis beingdiscussedhere.

2. Gravitationalactionandmeasure

Following ref. [21, thefour-dimensionalpuregravity actionon the latticewill
be chosento be

JEll = > [~vh_kAhôh+a_b_b-], (2.1)
hingesh Vh

where Vh is the volume per hinge (triangle),Ah is the areaof the hinge andoh
the correspondingdeficit angle,proportionalto the curvatureat h. Classically
the latticeaction is boundedfrom belowif 4a)~— k2 > 0. The latticecurvature
squaredterm proportionalto O~vanishesif andonly if the curvatureis zero
everywhere.In thefollowing wewill takethefundamental“lattice spacing”to be
equalto one;theappropriatepowerofthe latticespacingcan alwaysberestored
attheendby invoking dimensionalarguments.Sincethelatticeis dynamical,the
averagephysicalseparationbetweensiteswill thenbeequalto this fundamental
“lattice spacing” times the averageedgelength (with our choice of coupling
constantsandmeasure,thereis typically a factorof two betweenthe two). In
the classicalcontinuumlimit the aboveaction is equivalentto the continuum
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action

(2.2)

with acosmologicalconstantterm (proportionalto ).), anEinstein—Hilbertterm
(k = 1/8mG), andahigher-derivativeterm [15]. Herethedotsindicatehigher-
order latticecorrections.

Onecouldconsiderthe Reggeactionby itself (a = 0), but thentheeuclidean
actionwouldbe unboundedfrom below,andproblemsmight arise,depending
on the choiceof measure(this pointwill be discussedfurtherbelow). It should
be stressedthat the Reggeaction is equivalentto the Einstein actiononly in
the continuumlimit. As in any latticetheory,for finite latticespacingthereare
higher-ordercorrections0(k4), which can be arbitrarily modified by adding
extraterms(or by, say, replacing0 by sin0) without affecting the continuum
limit. In this respectthe Reggeactionis not unique,andwe expectmanydif-
ferent but similar actionsto leadto the samecontinuumlimit, in the region of
parameterspacewhereonecanbe defined (we will arguethat the sameshould
betrue for a wideclassof measuresovertheinvariantedgelengths).Renormal-
izationgroupargumentsthensuggestthatin generalthe continuumlimit should
beexploredin thisenlargedmulti-parameterspace.Thehigher-derivativelattice
term introducedherecan thereforebe regardedalsoas a way of parameterizing
the higher-orderlattice correctionsin the simplestway.

Different measuresin the continuumgive rise to differentmeasureson the
lattice. The differencebetweenvariousmeasuresseemsto be in the powerof
~ in the pre-factor,which correspondsto someproductof volumefactorson
the lattice.On thelatticethesevolumefactorsdo not giverise to couplingterms
andarestrictly local. DeWitt hasarguedthat the gravitationalmeasureshould
be [6]

f d
4u[g] = fflg(d_4)(d+I)/8fldg,j~. (2.3)

On the simplicial lattice the invariant edge lengthsrepresentthe elementary
degreesof freedom,which uniquely specifythe geometryfor a givenincidence
matrix. Since the inducedmetric at a simplex is linearly relatedto the edge
lengthssquaredwithin that simplex,onewouldexpectthe latticeanalogof the
DeWitt metric to simply correspondto d/

2. But it shouldbe stressedthat while
the metric tensoris coordinatedependent,all the edge lengthsare manifestly
coordinateinvariant(they shouldbethoughtof aslatticeversionsof elementary
infinitesimalgeodesics).We will thereforewrite the latticemeasurein general
as

f dj~[l] = fl f V~fdl~F~[l], (2.4)
edges ii 0
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where V,1 is the “volume per edge”, F~[1] is a function of the edge lengths
which enforcesthe higher-dimensionalanalogsof the triangleinequalities,and
a = (d — 4)/4d for the latticeanalogof the DeWitt measure.The parametere
is introducedas an ultravioletcutoffatsmalledgelengths:thefunctionF~[l]is
zeroif any of the edgesareequalto or lessthane; in the following we will set
a = 0 andc = 0 (DeWitt measurewith no cutoff).

If aD-componentscalarfield is coupledto gravity the power a has to be
changed,dueto an additionalfactorof fl~gD!

2 in the continuumgravitational
measure,

D 4-d D
_____ — __ —~ — (25)2d(d+l) 4d d=4 40~

Eventuallyit wouldbe of interestto explorethe sensitivityof the resultsto the
typeof gravitationalmeasureemployed.On the basisof universalityof critical
behavior[16], onewouldexpectthoughthatdifferent invariantlatticemeasures
shouldleadto thesamelatticecontinuumlimit. In two [9] andthree[17] space-
time dimensionsnumericalstudiesseemto indicatethat different measures,
within acertainuniversalityclass,will givethe sameresultsfor infraredsensitive
quantities,like critical exponents.On the otherhandthe lattice path integral
might not bemeaningfulfor certainvaluesof a for which the measurebecomes
singular, andfor which the simplicial latticetendsto degenerateinto a lower-
dimensionalmanifold.

In generalasimplescalingargumentgivesthefollowing estimateoftheaverage
volume peredge

2(l+ad) 1
(Vi) ~ d=4,c7=0 (2.6)

if curvaturetermsin the actionare neglected,andshowsthatthe volume tends
to zerofor asingularmeasuresuchas thescale-invariantone (ad = —1),unless
acutoff is imposedfor short edgelengths. (In four dimensionsthe numerical
simulationswith a = 0 agreeto within a fraction of a percentwith the above
formula;seediscussionbelow).

Someusefulidentitiescanbe obtainedby examiningthe scalingpropertiesof
the actionand the measure.The couplingsk and)~.in the abovegravitational
actionaredimensionfulin four dimensions,but onecandefinethedimensionless
couplingk2/2,andrescalethe edgelengthsso as to eliminatethe overall length
scale\/k7~.As a consequencethe pathintegralfor puregravity,

Z(~,k,a)= fd~i~[l]e1~1, (2.7)

obeysan equationof the type

k~Tl k2k2
Z(2,k,a) = (~)Z(

1,-~-,a), (2.8)
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whereN1 representsthe numberof edgesin the lattice, andwe haveselected
herethe d/

2 measure(a = 0). This equationimplies, in turn, a sum rule for
local averages,which (for the d/2 measure)reads

4A(V) — 2k(OA) = 2N
1/N0. (2.9)

HereN0 representsthenumberof sitesin thelattice,andtheaveragesaredefined
per site. For the hypercubiclatticewe will use, N1 = 1 5N0, N2 = 5ON0, N3 =

36N0 andN4 = 24N0 [2]. The coefficientson the l.h.s. of the equationreflect
the scalingdimensionsof the variousterms,while the r.h.s.termarisesfrom the
scalingof the measure(in d dimensionsthe coefficientsbecomed, (d — 2) and
(d — 4), respectively).This last formulacan be usefulin checkingthe accuracy
of numericalcalculations,sinceeachterm canbe estimatedindependently.

3. Resultsin four dimensions

In orderto explorethegroundstateof four-dimensionallatticegravitybeyond
perturbationtheoryonehasto resortto numericalmethods.Generalaspectsof
the methodas appliedto simplicial quantumgravity arediscussedin refs. [1,2],
and will not be repeatedhere.In the numericalsimulationspresentedbelow
the simplehypercubiclatticewas employed,with six facediagonals,four body
diagonalsanda hyperbodydiagonalintroducedto makethe cuberigid. Lattices
of sizebetween4 x 4 x 4 x 4 (with 3840 edges)and 16 x 16 x 16 x 16 (with
983040edges)wereconsidered.In all casesthe measurewasd/

2 (a = 0, seeeq.
(2.4)).Periodicboundaryconditions(four-torus)wereused,sinceit is expected
that for this choice boundaryeffects will be minimized. One could perform
the numericalstudieswith latticesof differenttopologies,but oneexpectsthat
universalinfraredscalingpropertiesof thetheoryshouldbedeterminedby short-
distancerenormalizationeffects,andshouldthereforein generalbeindependent
of thespecificchoiceof boundaryconditions,sothe four-torusshouldbeasgood
as anyotherchoiceof topology as far as critical propertiesare concerned.

The edgelengthsareupdatedby a standardMetropolisalgorithm,generating
eventuallyanensembleof configurationsdistributedaccordingto the actionof
eq. (2.1), with the inclusionof the appropriategeneralizedtriangleinequality
constraintsarisingfrom thenontrivial measure.A stringentteston theprogram
is that it correctly reproducesthe analytic weak-field expansionto secondor-
der [181.Thelengthsof therunstypically variedbetween10—40kMonteCarlo
iterationson the 44 lattice,2 — 6k on the8~lattice,and0.5k on the l6~lattice.
On the largerlatticesduplicatedcopiesof the smallerlattices areusedas start-
ing configurationsfor eachk, allowing for additionalequilibrationsweepsafter
duplicatingthe lattice in all four directions.Thisallowsfor asubstantialsavings
in run time, sincethe initial edgelength configurationon the largerlatticeis
alreadycloseto arepresentativeconfiguration. In somespecialcases(closeto k~
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for a = 0, andatk~for a = 0.005)muchlongerrunswereperformedto increase
the accuracyof theresultsandhavegood control overthe statisticalerrors.One
noticesthat in all runsthe scalingrelationof eq. (2.9) is verywell verified (to
onepercentor better),as onewould expectif the edgeprobability distribution
is sampledcorrectly.Furthermorethe averagevolume associatedwith an edge
agreeswith theestimateof eq. (2.6) to betterthanonepercent,for all valuesof
thecouplingsthat we haveinvestigated,andsuggeststhat theaveragevolumeis
only veryweaklydependenton k anda,beinginfluencedmostlyby the measure
andthe cosmologicalterm.

Oneshouldemphasizethatatthispoint the natureof the resultsis still rather
preliminary,eventhoughsomeeffort hasbeenmadeto control the systematic
errorsby computingthe critical exponentsfor four-dimensionalgravity for dif-
ferentvaluesof the (naively irrelevant)couplinga,andby avarietyof different
methods,which presumablyhavedifferent (and hopefully small) systematic
biases.

3.1. LOCAL AVERAGES

Quantitiesof physicalinterestwhich havebeencomputedincludethe scaled
averagecurvature1~

7~(2k a) = (/2)(
2~hOhAh) (f~/~R) 1)— (~hVh) (f,,/~)

andthe averagescaledcurvaturesquared~

~2(2 k a) = (/2)2(4~hOhAh/~ ~ (32)
— (~hVh) (f~’~~)

and as usualthe sumover hingesh representsa sumover the trianglesin the
simplicial lattice. In four dimensionsit is knownthatfor sufficientlylargehigher-
derivativecouplingthereis acontinuoustransitionbetweenthe“smooth” (small
negativeaveragecurvature)and“rough” (verylargepositiveaveragecurvature)
phaseof space-time[1,21.The averagecurvaturecanbe used (at least on the
four-torus)as an orderparameterto distinguishbetweenthe two phases;other
possibleorderparameterswill bediscussedlater. In additiononecandefinethe
averagescaledvolume persite

V(~,k,a) [(
12)]~2(~hVh) (3.3)

If all the latticesimplicescollapseinto lower-dimensionalobjects,thenV will
becomeverysmall.

Besides1~andR
2,it is useful to considerthe latticeanalogof the fluctuation
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in the local curvature

(>~“~)[((2~ohAh)2) - (2~ohAh)2] (3.4)

andof the fluctuationin the local volume

~v(2,k,a) (>~V~)[((~vh)2) — (~Vh)2]. (3.5)

As discussedin ref. [1], the divergencein the fluctuation is indicativeof long-
rangecorrelations(amasslessparticle),sincethefluctuationsareasusualrelated
to thezero-momentumcomponentof the propagator.In particularfluctuations
in the curvatureare sensitiveto the presenceof a spin-two masslessparticle,
whilefluctuationsin thevolumeprobeonlythecorrelationsin thescalarchannel.
Thusin the caseof gravityadramaticdifferenceis expectedin the two typeof
correlations.

The derivativeof the averagecurvatureis thensimply relatedto the fluctua-
tions in the curvature,sinceone has,from the definition of 7?. in eq. (3.1),

07?. 2(12) 3(0 A)
Ok (V) Ok (3.6)

Only the secondterm on the r.h.s. is divergentas k approachesk~,andthis is
dueto a divergencein O(OA)/Ok (the otherderivativescan be shownto remain
quite smallin comparison).Similarly, thefluctuationsin thetotalaverageaction

(I) = 2(V) — k(O 1) + a(02 12/V2) (3.7)

aredominatedby the fluctuationsin the curvatureas well.
Figs. ito 4 showthelocaldistributionof edgelengths,volumesandcurvatures

throughoutthe lattice, as obtainedfor a systemof size 16~(in this particular
casewith actionparametersA = 1, k = 0.244 ~ k~anda = 0.005). As can
be seen,the distributionsare rathersmooth andwell behaved,at least up to
and including the critical point atk~,to be discussedbelow. It is a legitimate
questionto askto whatextentthe distributionsdeviatefrom asimpleform such
as a gaussian.In the caseof the edgelengthprobability distribution (seefig. 1),
one noticesthat it is essentiallyzero for smalledgelengths,a reflectionof the
presenceof the triangleinequalities.Not unexpectedly,the measurecontrolsthe
behaviorat smalledgelengths,while the cosmologicalconstantterm provides
an exponentialcutoffat largeedgelengths.The shapeof the distributionis well
approximatedby the function

P(l) ~ A 1”exp(—b Il — ~ (3.8)

For small I the power dominatesandone finds a steeprise, ~ 6.5, while
for large I the decayis exponentialwith /3 3.2 (which is close to the naive
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Fig. 1. Histogramof the distribution of edge lengths, P (1), on a 1 6~lattice, for 1 = 1,
k = 0.244 k~anda = 0.005 (DeWitt d/2 measure).

expectationof 4). Similar resultsarefoundfor theaveragevolumeperedge(see

fig. 2), V
1 ‘~-~

P(V1) A (V,)~exp(—b Vi — VoI~) (3.9)

andonefinds a 3.6, while for largel the decayis exponentialwith /3 2.5
(which is somewhatlargerthan,but still consistentwith, the naiveexpectation
of 1). In bothcasesthe locationof the peakin the distributionis only weakly
dependenton k (~k~)anda (>ao), areflectionof the fact that the shapeof
thedistributionismostlyaffectedby the measureandthe cosmologicalconstant
term (whichhereandin the following will not bechanged),andarequite insen-
sitivefor exampleto the bareNewton’sconstant.It is clear thatthe former two
entities,andnot the latter, that set the scalefor the fundamentallengthscalein
theproblem,the averageedgelength 10 =

In the caseof the curvaturedistribution (figs. 3 and4), therearecleardevia-
tionsfrom gaussianfluctuations,andonehasfor OhAh ‘-~ ~/~R(x)

P(OhA) A IOhAhIaexp(_bIOAh — roI~) (3.10)

with a negligible powercontribution(a 0), and/3 1.4. In the caseof the
curvature,the constantr0 vanishesatthecriticalpoint (k = Ice).Thedeviations
from agaussiandistributionsareseenevenmoreclearlywhenoneconsidersthe
log of the probability distribution (seefig. 4). Sincethe poweris closeto one,
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Fig. 2. Histogramof the distribution of local volumesper hinge, P(Vh), for the sameparameters

asin fig. 1.
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Fig. 3. Histogramof the distributionof local curvatures,P (Ah oh), for the sameparametersasin
fig. 1.
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Fig. 4. Sameasfig. 3, but using avertical logarithmicscalein orderto show the deviationsfrom
gaussianbehavior.

lnP(OA) exhibitsan almostlinear behaviorfor large I OAI. (Hadone chosento
look atthe distributionof OhAh/Vh ~ R(x), the resultswould berathersimilar.
Onefinds in thiscase/3 1.2,compatiblewithin errorswith theexponentfor the
OhAh distribution). Our resultsatthis point arenot accurateenoughto suggest
whethertheremight actuallybe anon-analyticityin the curvaturedistribution
atzerocurvature,in the sensethat the aboveexponentsareexpectedto describe
moreaccuratelythe asymptoticfalloff of the distribution whenthe curvatures
arelargein magnitude.In anycasesucha singularitywouldbe ratherunusual.

Closeto acritical point it is possiblethat someof the local averages,as well
as their fluctuations,will developa singularity in k in the infinite-volumelimit.
This is certainlytruecloseto two space-timedimensions.In the2 + � expansion
of Einstein’sgravity onesetsk’ = 8irG andperformsa doubleexpansionin
G ande [8]. The dimensionfulbarecouplingis written as G0 = A

2_a’G, where
A is anultraviolet cutoff, for exampleof the orderof the inverseaveragelattice
spacing,A m/(12)’/2, andG a dimensionlessbarecouplingconstant.Closeto
two dimensionsonefinds for the betafunction

/3(G) OG = �G — fl
0G

2 + O(G3,G2�,G�2), (3.11)

with fib = ~ (25— D), whereD is the numberof masslessscalarfields (for pure
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gravity D = 0). To lowestorderthe ultraviolet fixed point is at

= + O(e~) (3.12)
fib

Integratingeq. (3.11) closeto the non-trivial fixed point in 2 + � dimensions
oneobtains

= A exp(_f dG’ ) GG’ A I G — G*I_hIP~*) A I G — G*I~,

(3.13)

where/to is an arbitraryintegrationconstantwith the dimensionof a mass,and
the derivativeof thebetafunctionat the fixed point is

/3F(G*) = —� = —1/v. (3.14)

The possibility of algebraicsingularitiesin some of the vacuumexpectation
values (like theaveragecurvatureandits derivatives)closeto the fixed point is
thena naturalone,atleast from the point of view of the 2 + � expansion.

Thisresultalsoillustrateshow in principle thelatticecontinuumlimit is to be
taken:it correspondsto A —~ oo, G —~ G* with jz~heldconstant;for fixed lattice
cutoffthe continuumlimit is approachedby tuning Gto G*. Away from G* one
will in generalexpectto encountersomelatticeartifacts,which reflect the non-
uniquenessof the lattice transcriptionof the continuumactionandmeasure,
as well as its reducedsymmetry properties.In the presentmodel things are
complicatedfurtherby the fact that we also havea second,higher derivative,
couplinga, which is presumablyasymptoticallyfree,andshouldleadto non-
trivial scalingpropertiesfor largea [15].

3.2. CURVATURE CRITICAL EXPONENT

The resultsobtainedfor the averagecurvatureR.(k), definedin eq. (3.1),
are shownin figs. 5—11. Fourvalues of a, 0, 0.005,0.02 and 0.1, havebeen
studied,andA = 1 was held fixed (since2 only setsthe overall scale in the
action). Due to the long runsand the large latticesemployedthe resultshave
relatively smalluncertainties.Sincedifferentedgelengthstartingconfigurations
areusedfor differentk’s, onehasthat for differentvaluesof k theresultsfor the
curvaturearecompletelystatisticallyuncorrelated.In spiteof the fact that the
latticevolume is not very large,the statisticalerrorsarequite small sincethere
is a ratherlargenumberof hinges(triangles)per site,namely50L4, whereL is
the numberof sitesin eachlattice“direction”. Thestatisticalerrorsin 7?.(k) are
estimatedby theusualbinningprocedure,andrepresentonestandarddeviation.

In refs. [1,2] it was foundthat as k is varied,the curvatureis negativefor
sufficiently small k (“smooth” phase),andappearsto go to zerocontinuously
at some finite value /c~.For k ~ k~the curvaturebecomesvery large, and
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Fig. 5. Averagecurvature1~as a function of k, for I = 1 anda = 0.005 (d1
2 measure).The

squaresrefer to L = 4, the diamondsto L = 8, andthe trianglesto L = 16. The dottedline
representsthefit to analgebraicsingularity.

the simplicestendto collapseinto degenerateconfigurationswith very small
volumes((V)/(12)2 0). This“rough” or “collapsed”phaseis the region ofthe
usualweak-fieldexpansion(G —~ 0); in thecontinuumit is characterizedby the
unboundedfluctuationsin the conformal mode (seediscussionbelow). For k
closeto, but lessthan,k~onewrites for the averagecurvature

7Z(k,a) —A~(a)(k~(a)_k)o (3.15)
k—~k~(a)

andaveragecurvaturefluctuation

XR(k,a) “s A~(t2)(kc(a)kIY~~1, (3.16)k—.k~(a)

where0 is the universalcurvaturecritical exponent(introducedin ref. [1]),
characteristicof the gravitationaltransition. In the caseof higher-derivative
couplinga = 0.005anda = 0.02 (seefigs. 5 and7) the interpretationof the
datais quite straightforward:the assumptionof an algebraicsingularity is well
supportedby the results.After performingasimultaneousfit to 7?.(k) in A

7~,k~
andtheexponent0, andusingcloseto k~the dataon thelargestlatticeavailable,
onefinds the resultssummarizedin table 1. It is quite remarkablethat the two
estimatesfor 0 agreevery well with each other, in spite of the fact that the
curvaturechangesby abouta factorof five betweenthetwo valuesof a.
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Fig. 6. Averagecurvature7~.raisedto the power 1/0 1/0.626,using the data on the largest
lattice available (L = 8 and 16) for a = 0.005; other parametersarethe sameas in fig. 5. The

linearity is quite striking.
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Fig. 7. Sameasfig. 5, but for a = 0.02.
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Fig. 9. Sameasfig. 5, but for a = 0. Thedashedline representsafit to analgebraicsingularitywith
a small power (0 0.30), while the dotted line correspondsto a purely logarithmic singularity

(seeeq. (3.23)).
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Fig. 10. The quantity exp[A~ /1~(k)], using the dataof fig. 9 on the largest lattice available
(L = 8) for a = 0. Behaviouris close to linear for this particular combination,in agreement

with theassumptionof a logarithmic singularity in k for a = 0.

TABLE 1

Estimatesof the critical amplitude A~,the critical point k~and the critical exponent0, for
different valuesof a.

a L A~ k~ 0 x2/d.o.f

0.000 4—8 22.93(16) 0.060(2) 0.30(3) 2.40
0.005 4— 16 3.794(41) 0.2443(11) 0.624(6) 0.34
0.020 4— 16 0.732(10) 0.4244(36) 0.628(20) 0.29
0.100 4—8 0.065(6) 1.17(4) 0.76(12) 1.32

Furthermoreonewould expectthatthe datafor [—7?.(k) ]1/~ shouldlie close
to a straightline. This appearsindeedto be thecase,as shownin figs. 7 and9,
andthe datais strikingly closeto astraightline overa wide rangeof k values,
providingfurthersupportfor the assumptionof an algebraicsingularity.

For a = 0.1 the statisticalaccuracyis muchlower thanin the previoustwo
cases,andtheresultsarepresentedonlyfor comparison.In thiscasetheaverage
curvatureisquitesmall,evenawayfrom Ice, andfinite-volumeeffectsarestarting
to becomeimportant.In generalonewouldexpectthatin orderto obtainresults
relevantfor thecontinuumlimit (in thesensethat thefinite volume corrections
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Fig. 11. Average curvature1~as afunction of IC~— k on a log—log scale, from a = 0 (top) to
a = 0.005, a = 0.002anda = 0.1 (bottom).Thedatais the sameasin figs. 5—10, but presented
on a differentscale.The dottedline at the top correspondsto a logarithmic singularity,whilethe
remainingthreestraight lines correspondto 0 = 0.626. As before, I = 1 andthe measureis d1

2.

should be small), the scaleof the curvatureshouldbe much smallerthanthe
averagelatticespacing,but muchlargerthanthe sizeof the system,

1 7?.(ka) 1
(l2) >> (12) >> (P)L~ (3.17)

(hereL is a characteristiclinear sizeof the system,in unitsof the averageedge
length, L = V’/4). Statedequivalently,in momentumspacethe physicalscales
should be much smallerthat the ultraviolet cutoff, but much larger thanthe
infrared one.

Finally in fig. 10 the averagecurvaturesareshownon a log—log scale.Even
thoughthecurvatureischangingby asmuchasanorderofmagnitude,theresults
at a = 0.005, a = 0.02 and, to someextent,evenat a = 0.1, areconsistent
with oneuniversalcritical exponentscharacterizingthe transition.An average
of the latticeresultsso far thengives the estimate

0 = 0.626(25), (3.18)

in good agreementwith previousestimateson smallerlattices (up to 8~)0 =

0.62(5) [1]. In table 1 we summarizethe resultsobtainedso far under the
assumptionof an algebraicsingularity in 7?.(k).
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The resultsfor the averagecurvature7?. arenot inconsistentwith knownre-
sultswithin the weak-field expansionin the continuum (at leastfor small a).
Substitutingk’ = 8irG0,whereG0 is thedimensionfulbareNewton’sconstant,
settingk~= cA

2, wherec is a constantindependentof k, andA the ultraviolet
cutoff (hereof the orderof the averageinverselatticespacing,‘~-~(12)_1/2), one
obtainsfrom eq. (3.15)

/ —1 \br lb

7?.(G
0) —AR. ) L 1 — cA

28lrGo]
8 ir

—AR. ~ [i + ô cA2(—8~G
0)

+ 0(0— 1) (cA
2)2 (—8~G

0)
2+

(3.19)

so perhaps7?.(G
0) is possibly not even analytic at G0 = 0. Furthermorean

expansionin powersof G0 involvesincreasinglyhigherpowersof the ultraviolet
cutoff A, as expectedfrom a theory which is not perturbativelyrenormalizable
in G0 [8].

We notethat the vacuumexpectationvalueof the curvaturecanbe usedas
a possibledefinition of the effective, long-distancecosmologicalconstant(or
equivalentlyas the definition for a lengthscaleR0 associatedwith somelarge
averagecurvatureradius),

7?.(Aka) (f\/~R) ~42~ (320)

(f~/~)~k)efi~

As one approachesthe fixed point at k~,(A/k)eff —~ 0 andthis length scale
becomesvery large. If the systemis of finite extent,with linear dimensions
L = V’/

4, thenthescalinglawsfor 7?.givethevolumedependenceoftheeffective
cosmologicalconstantat the fixed point,

‘L\ b/v

(k—) (L) — (—) (4~) (—) . (3.21)
2 eff 2 L>>/o 1~

Here0/v 1.54,and (k/A)(lo) is aratio of barecouplingconstant,atthescale
of the averagelatticespacing10 = ~ (Thevolumedependenceof the results
is a topic by itself, andwill be discussedmorein detailbelow). Thereforeatthe
fixed point the effectivecosmologicalconstant,which is of orderoneatscalesof
theorderof the cutoff, relaxesto zeroasthe overallvolumeis increased.Phrased
differently, the curvatureis largein magnitudeat shortdistances,andfluctuates
wildly, but its averagebecomesvery small if large regionsof space-timeare
considered.

Fora = 0, correspondingto the pureReggeactionwith no explicit higher-
derivativelatticecontribution,howeverthesituationappearsnot to be asclear.
First of all the path integralis still well defined (at leastfor sufficiently small
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1kI)~sincethedeficit anglesarebounded,andthe edgelengthsfluctuatearound
someaveragevalue,which isdeterminedby theinterplayof the measureandthe
cosmologicalconstantterm.Alternatively,onecanthink of the fluctuationsin
the conformalmodeas becomingbounded(againat leastfor sufficiently small

IkI) whena momentumcutoff of orderm/l/~i~5is dynamicallygenerated.But
in anycasethe assumptionof analgebraicsingularity for the averagecurvature
leadsto a value for the curvatureexponentwhich is much smallerthan the
precedingestimates,0 0.30(4).Since it is difficult to distinguish a small
powerfrom a logarithm,this suggeststhe ansatz

~(k,a) —AR(a) (k~(a)_k)b [—ln(k~(a) —k)]°, (3.22)
k—.k~(a)

andonethenfinds 0 = 0.01(2) and0 = 1.05(6),with alower chi-squared.The
smallnessof the new0 would seemto suggestthat the singularity in theaverage
curvaturefor a = 0 is in fact purely logarithmic,

7?.(k,a)k—~k~(a) R.() [—ln(k~(a) — k)[’, (3.23)

correspondingto 0 = 0 andÔ = I in eq. (3.22).Onefinds in this caseAR. =

28.3(5) andk~= 0.059(2), which is close to the algebraicsingularity resultof
table 1. Fig. 9 showsthe curvaturedatawith boththe purepower (0 = 0.30)
andthepurelogarithmicfit; thelatter oneis significantlybetter.Fig. 10 displays
the combinationexp[AR./7?.(k)], which showsindeedcloseto linear behavior,
in agreementwith the suggestionof a purely logarithmic singularity. A more
conservativeconclusionaboutthea = 0 casewould be thatthe exponentsare
certainlydifferentfrom the previouscases(by severalstandarddeviations),and
thatthe resultsareat leastsuggestiveof a logarithmicsingularity (0 0).

From the analysisof the curvaturefluctuationxR.(k) (definedin eq. (3.4))
oneobtainssimilar valuesfor 0 andlc~,but with somewhatlargererrors, since
the fluctuationsaremoredifficult to computeaccuratelythantheaverages.(Al-
ternatively,onecancalculatethe fluctuationsas derivativesof the averages,but
this procedurewould leadto estimatessimilar to the onesobtainedbeforefrom
thecurvature,sinceit is the samedatathat is beinganalyzedin adifferentway;
the errorsarelargersincea derivativeof numericaldatahasto betakenfirst).
The resultsfor the fluctuationscomputeddirectly areshown in figs. 12—14. If
one triesto fit the curvaturefluctuation to an algebraicsingularity, as in eq.
(3.16), the resultsfor the exponentsturn out to be completelyconsistentwith
the previousestimatefor 0, but havea largererror. Thereforewe only showin
the figures the fits obtainedif we assumethe values for 0 obtainedpreviously
from the averagecurvature(0 0.626 for a = 0.005and0.02).On the other
handfor a = 0 the previousdiscussionsuggeststhat the singularity in 7?.(k) is
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Fig. 12. Curvaturefluctuation X~zmeasureddirectly, as a function of k andfor a = 0.005. The
line is a fit to the data assumingan algebraic singularity, with the exponentdeterminedfrom

R(k), namely 1 —0 0.374.

0.2 I I I I

a=O.l)
2

0.15 /

01

0.05

0 I I I I I

-0.1 0 0.1 0.2 0.3 0.4 0.5

k

Fig. 13. Sameasin fig. 12, but now for a = 0.02.
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Fig. 14. Sameas in fig. 12, but now for a = 0. The line representsa fit assuminga purely
logarithmic singularity in R~k) (seeeqs. (3.23) and (3.24) in the text).

closeto beingpurelylogarithmic;for the curvaturefluctuationthiswould imply

XR(k,a) k ~(a)~~ (k~(a)—k)~[—ln(k~(a)—k)]2, (3.24)

which is certainlyquite consistentwith the numericalresults(seefig. 14).
Closeto thetransitionatk~the averagevolumeper site l/~,expressedin units

of the averagelatticespacinglo = ~/~P5,showsno appreciablesingularitywhen
the critical point is approachedfrom the smoothphase (k < 1cr), as canbe
seenfrom fig. 15. On the otherhandin the rough phase(k > 1cc) the volume
per site seemsto approachsmaller andsmaller values as the lengthsof the
runsare extended.In fact it would seemthat in the roughphasethe volume
per site canbe madeto approachzero,atleastfor somesimplices.One could
thereforealternativelyreferto this phaseasthe “collapsed”phase.Furthermore
the relaxationtimesbecomevery long, with the systemgettingstuck in some
configurationswithout being ableto get out of it again. Also, it is difficult to
seehow the collapseof the simplicescould be avertedby choosingadifferent
lattice structure(for examplea randomlattice), sinceits propertiesseemto
be unaffectedby changesin the measureor the action,at leastto the extentwe
haveinvestigatedthem [2,9,17]. Indeedthe collapsedphaseappearsevenin the
simplestmodelsbasedonaregulartessellationof thefour-sphere[2,4]. Ofcourse
the existenceof sucha diseasedphaseis not completelyunexpected,andseems



368 H.W. Hamber/ Phasesofsimplicial quantumgravity

0.34 I I I I I I I I I

0.33 a = 0.005

0.32

0.31

0.3 ~ ~

v 0.29 .

0.28

0.27

0.26 I I I I I I I I I
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25 0.3

k

Fig. 15. Average volume per site, in units of theaverageedge length ~/~2), as a function of k
and for a = 0.005. The line is a polynomial fit to the data. There is no sign of a singularity for

k ~ 0.244.

to bea reflectionof the unboundedfluctuationsin theconformalmodeexpected
for sufficiently largek. Indeedunboundedfluctuationsin the conformalmode
in the continuumcorrespondto rapid fluctuations in the simplicial volumes,
andthisis what is observedon thelattice for k > k~, namelya rapidvariationof
simplicialvolumeswhengoingfrom onesimplexto aneighboringone(thisdoes
not happenin the smoothphase).This phaseis somewhatreminiscentof the
collapsedphasefound in two-dimensionalgravity in the Reggemodel (aswell
as in theDTRS model) for sufficiently largeD> 1 [9], andwhichcorresponds
physicallyto branchedpolymersor trees.The analogywill becomeclearerbelow
whenwediscussthefractal dimensionin thisphase(whichwas foundto beless
thanfour [1]).

If onecomputesthevolumesusceptibility~v(seeeq. (3.5) andfig. 16), one
finds quite clearly that it approachesa finite valueatk~,suggestingthe absence
of critical volume fluctuations,for all valuesof a investigated.This situation
shouldbecontrastedwith the two-dimensionalcase,wherevolumefluctuations
(correspondingto the Liouville mode) are found to be massless,as expected
from continuumarguments,andis moresimilar to the three-dimensionalcase,
discussedin ref. [17]. Sucha result is not unexpectedin the caseof gravity,
sincefluctuationsin the volumecorrespondin the continuumto fluctuationsin
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Fig. 16. Volume fluctuationXv measureddirectly, as afunction of k and for a = 0.005. The
line is a fit to the data assumingan algebraic singularity. There is no sign of divergencefor

k <k~ 0.244; the volume fluctuationsapproacha constantat the critical point.

the squarerootof thedeterminantof the metric tensor,which couplesto scalar
modesonly (andthereforenot to thegraviton). Up to nowwehaveseenno sign
ofexcitationsthatcouldbe associatedwith ascalarparticle.Critical fluctuations
in the curvatureat the critical point, accompaniedby the lack of any sign of
critical fluctuationsin the volume, seemconsistentwith the appearanceof a
masslessgraviton.

3.3. VOLUME DEPENDENCE

Sincethe critical exponentsplay such a centralrole in determiningthe exis-
tenceandnatureof the continuumlimit, it appearsdesirableto havean inde-
pendentway of estimatingthem,which either doesnot dependon anyfitting
procedure,or at least analyzesacompletelydifferentset of data. By studying
the dependenceof averageson the physicalsize of the system,onecan inde-
pendentlyestimatethecritical exponents.Finite sizescalingtells us thatat the
critical pointk = k~thecoherencelengthsaturatesat avaluecomparableto the
linearsystemsize,~ = L. Thus if we setm (k~_k)u,we shouldobtain
7?. (k~— k )b ~ Similar argumentscan thenbe repeatedfor otherob-
servables.As discussedpreviously,the dependenceof theresultsfor theaverage
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Fig. 17. Volumedependenceof the averagecurvatureat the critical point, R.(k~),for a = 0.005
andIC~= 0.244. For largeL the slopeof the line correspondsto 0 = 0.626,asobtainedfrom the

curvature(figs. 5 and7).

curvatureon thesizeofthesystemis quitesmallexceptcloseto thecritical point,
wherethe correlationlengthbecomescomparableto the linear systemsize. A
morecarefulanalysisin the vicinity of the critical point for a = 0.005shows
that theaveragecurvatureatk~~ 0.244decreasesasthesystemsizeis increased
(seefig. 17). In the figure the datapointscorrespondto L = 4,6,7,8,10,16;
we prefernot to useresultsfor smallerlatticessincethe higher-derivativeterm
(proportionalto a) containsnext-nearestneighborcouplings.The lengthsof the
runsvariedbetweenabout60k iterationson the L = 4 latticeto 0.6k on the
L = 16 lattice; the largestlatticeswereobtainedoriginally by duplicationfrom
the smallerpreviouslythermalizedlattices. If we describethe decreaseof the
averagecurvature7?. atk~as afunctionof L = V1’4 (hereV = N

0 is simply the
numberof sitesin the system)by a critical exponenta,

7?.(L)l~ —(ci + c2/L) L~, (3.25)

then we find c1 3.3, c2 —9.4, anda 1.55(18). Ideally onewould have
hopedforastraightline in fig. 17,but thiscannotbeexpectedfor suchsmallsys-
tems,andthe regularpre-factorhasto beincludedto accountfor the transients.
Standardscaling argumentsat a secondorderphasetransitionwould suggest
that a is relatedto 0 by a = Od/(l + 0), which gives0 = 0.63(11),indeed
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Fig. 18. Volume dependenceof the curvaturefluctuationat the critical point,XR (k~), again for
a = 0.005andk~= 0.244.The lines indicatethe expectedslopecorrespondingto 1 —0 = 0.374,

asobtainedfrom the curvature(figs. 5 and7).

completelyconsistentwith thepreviousdeterminationof 0.
A similaranalysiscanbeperformedfor the curvaturefluctuation.Forafinite

systemone doesnot expectanyreal divergence,but ratherapeakthat grows
sharperas the latticevolume is increased.As the infinite-volumelimit is taken,
the heightof the peakshouldgrow like somepowerof the latticevolume.Thus
one expectsagain

(c~+ c~/L)La’. (3.26)

The numericalresultsareshownin fig. 18. Again thereis somecurvaturein the
data,andweseeindicationsof sometransients.Thesametypeof transientswere
alsofoundin threedimensions,wherethe estimatesfor 0 from fits to 7?.(k) had
muchsmallererrors thanthe finite size scalingestimates[17]. Hereonefinds
c~ 0.16, c~ 1.11, anda’ = 0.64(11).Again standardscaling arguments
ata continuousphasetransitionsuggestthat a’ is also connectedto 0 by the
relation a’=a/v=d(l — 0)/(l + 0), which would give 0 = 0.72(4),which
is quite consistentwith the estimate0 0.63 obtainedpreviously,given the
uncertaintiesof the method.Furthermoreonewould expecta’ + 2a = d = 4,
andwe obtainfor thesum3.74(36)which is adequate.It is interestingto note
that if thetransitionshadbeenfirst order,with afinite correlationlengthatthe
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TABLE 2
Summaryof the resultsfor the critical exponentsof pure four-dimensionalsimplicial quantum

gravity

Method Observable a Measure ö a/u

Fit R.(k) 0 (d1
2) 0.01(2) 0.25(3) 4.0(2)

R.(k) 0.005 (d/2) 0.62(2) 0.41(1) 0.93(6)

R(k) 0.02 (d12) 0.63(3) 0.41(1) 0.91(7)

R.(k) 0.1 (d12) 0.76(12) 0.44(3) 0.55(33)

Finite size 0.005 (d12) 0.63(11) 0.41(3) 0.91(31)

XL 0.005 (d12) 0.72(4) 0.43(2) 0.65(10)

Average (a >0) 0.67(8) 0.42(3) 0.79(21)

1st order 0 1/4 4

I-c scalar 1 1/2 0

critical point, onewouldhaveexpecteda’ = d = 4 [20], which is ruled out by
manystandarddeviationsfor a = 0.005. For a scalarfield in four dimensions,
a’ = 0, which is also ruled out by our results (in particular a’ = 0 would
correspondto 0 = 1, which is inconsistentwith all the previousresults).

An alternativeway of determiningthe size dependenceis via the useof a
scalingfunction.Onewrites7?.(k,l)Lb/v = f( (k~— k)L1/”) closeto k~andfor
largeL, wherethe critical point andthe exponentsare freeparameters.Using a
scalingfunctionoftheform a+ bxc,onefinds fora = 0.0050 = 0.64(3) ingood
agreementwith thepreviousdeterminations.Finally it is expectedthat thevalue
of k~itself shoulddependon the size of the system.Indeedsucha dependence
is found when comparingk~(as obtainedfrom the algebraicsingularity fits
discussedpreviously) on differentlatticesizes.Onewrites

k~(L) k~(oc)+ cL_I/v. (3.27)
L—

Fora = 0.005 andusinglatticesizesin the rangeL = 2 — 16 onefinds v =

0.49(22).Again the estimateis not very accurate,but is consistentwith the
scalingexpectedat a secondordercritical point (from 0 = vd — 1, one gets
0 = 0.96(88)).

In conclusiontheestimatesfor 0 obtainedfrom finite sizescalingata = 0.005
are in agreementwith the resultsquotedpreviouslyfrom the fits to 7?. (k) at
a = 0.005anda = 0.02. On the otherhandthe finite-size scalingestimates
fail to be moreaccuratethanthe fit results,sincethereis somecurvaturein the
dataof fig. 17 and 18. The resultsfrom the fits to 7?.(k) for a = 0.005and
a = 0.02appearfor nowto giveby far thebestestimatesfor 0, with thesmallest
statisticalerrorsandwith theleastsystematicuncertainties.Table2 summarizes
the resultsfor thecritical exponentsobtainedso far.

It would seemthat in thesmoothphasethe systemdevelopsa massgap, since



H.W. Hamber/ Phasesof simp/icialquantumgravity 373

one doesnot observeanycritical fluctuationsfor k < kc, andthe correlation
length seemsto be finite there. One can determinethe scaling exponentfor
this dynamicallygeneratedmassfrom 0 by a simplescaling argument(if the
transitionis continuous,as it seemsto be for sufficiently largea), andone can
attempt to calculatethis massscaledirectly by computingan invariant corre-
lation function. If onecalls the dynamically generatedmassm, thenone has
m ‘-~ (k~ — k)V ~ (_?.(k))v/b, with v = (1 + 0)/d, andwith a calculable
constantof proportionality closeto k~. After restoringthe correctdimensions
for 7?., which hasdimensionsof an inverselengthsquared,oneobtains

7?. “~ —cA2_o/v mb/V, (3.28)

wherec isa dimensionlessconstantdependenton thehigher-derivativecoupling
a,andA theultravioletcutoff. Thedynamicallygeneratedmasscanbecalculated
in principle from the edgeor curvaturecorrelationfunctionsatfixed geodesic
distance (to be discussedbelow). Alternatively it can be extractedfrom the
physicalsize dependenceof averagesof local operators.For exampleon the
torus one expectsin the presenceof a massgap

7?.L(k) — 7?.~(k) m(k)’/2 L~312~ (3.29)
L>’l/m(k)

wherehereL = V’/4 is the physical“linear size” of the system,andm(k) is a
physicalmass.If theboundaryconditionsarenot periodic,thenthe finite-size
correctionsarenot exponentialin the systemsize,andthe aboveformulais no
longer valid. In fig. 19 we showresultsfor the massparameterextractedfrom
the finite-sizecorrectionsto 7?.(k) ata = 0.005. Not unexpectedlytheerrorsare
large, but the resultsareroughly consistentwith the expecteddecreaseas k~is
approached.Theexponentthoughis presumablyknown,sincev = (1 + 0)/4
0.41. For k closeto, but lessthan,k~onecanwrite

m(k,a) Am(a) (kc(a)kY, (3.30)
k—’k~(a)

and from fig. 19 oneestimatesAm 1.9(3) (in the graph,the massis in units
of latticespacings(= 1),which haveto bemultiplied by the averageedgelength

= 2.25 in orderto obtain“physical” distances).
The dimensionlessratio of masssquaredto curvatureis thengiven simply

in termsof the averagecurvatureandthe ultraviolet cutoff, with an exponent
relatedto 0,

m2 7~~ (1—b)/2o

7?. ~ A2) (3.31)
Closeto thefixed point,the ultraviolet cutoffcanbe tradedfor arenormalized,
effectiveNewton’sconstantGeff A2~°’(which canbeextractedin a numberof
differentways,for examplefrom therenormalizedpropagatorsatfixed geodesic
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Fig. 19. Massparameter(defined in eq. (3.29)),as determinedfrom the volume correctionsto
the averagecurvature,asa functionof k.~— k for a = 0.005. The line indicatesthe expectedslope

correspondingto anexponentv = 0.407,as inferredfrom the curvature(figs. 5 and7).

distance [1,2], or from correlationsof Wilson lines). So the above relation
betweenthe massscale,the curvatureandNewton’sconstantbecomes

m2 (1—b)/2b

~ —c (7?.Geff) . (3.32)

In ref. [11 Geff wasestimatedto bea numberof orderonein latticeunits (Geff
0.13), which would imply that the constantof proportionality in eq. (3.32) is
also of order one, C ~ 12). For our calculatedvalue of 0, the exponenton
the r.h.s.is about3/10. If the averagecurvatureandthe physicalG aresmall,
then this massscaleis exceedinglysmall. Of courseat the fixed point, where
the continuumlimit is recovered,both m and 7?. are zero,while Geff appears
to approacha finite limit. We shall leavefurtherinvestigationsof thisissuefor
future work.

3.4. FRACTAL DIMENSIONS AND PHASE DIAGRAM

Somefurtherinsightinto thenatureof thetwo phasesof quantumgravity can
be obtainedby exploring correlationswhich areof a purely geometricnature.
Previouslywe found indicationsthatsomegeometricpropertiesof the discrete
simplicial manifold appearto be closeto euclideanin the smoothphase[1,2],
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Fig. 20. Growth ofthesurfacevolume ofathree-sphereasafunctionof geodesicdistancefrom the
center,in the smoothphase(k < k~)(squares),at the critical point (k = k~) (diamonds),and
in the rough (collapsed) phase (k > k~) (triangles).The continuousline correspondsto fractal

dimensiondH = 4.0, the dottedline to dH = 2.6.

in spiteof the fact that the curvaturefluctuationsdivergeat the critical point.
Continuing the investigationof ref. [1], we haveconsideredhow the number
of pointswithin geodesicdistanced andd + Ad (whereAd is of theorderof
theaverageedgelength) scaleswith the geodesicdistanceitself. This quantity
is equivalent,up to aconstantdependenton the averagelatticespacing~
to the physicalextentof the “surface” within geodesicsdistanced andd + Ad.
Findingthe shortestpathbetweentwo pointson the curvedlatticeis quitetime
consuming,but for relatively smalldistancesone finds

N(d) ‘-~ d d~ (3.33)
d—’cc

with d~= 3.1(1) for k < k~(smoothphase),d~= 3.2(2) at k = k~,and
cI~ 1.6(2) for k > k~(rough phase).The actual data is displayed in fig.
20. As discussedin refs. [2,4], in the roughphasethe latticetendsto collapse
into a degenerateconfiguration with many thin elongatedsimplices of small
volume.This situationis reflectedin the fact that d~is much smallerthan3,
theeuclideanvalue.We concludethat this phasedoesnot leadto aphysically
acceptablecontinuumlimit. In the smoothphaseon the otherhand,as well as
atthe fixed point, the fractal dimensionof spacetimeis consistentwith the flat
spacevalueof four (d~= d— 1 = 3). It appearsthereforethat in thismodellies
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a suggestionfor the mechanismby which a nearlyflat space-timecanemerge
from the strongshort-distancefluctuationsof the metric in quantumgravity.

Turning to the phasediagram,we observethat for different valuesof a the
curvaturevanishesalongsomeline in the (k, a) plane,andfor somesmallneg-
ative a = a0 —0.0011 a stableground stateceasesto exist (in otherwords,
onecrossesover into the rough phase).This not unexpected,sincefor suffi-
ciently negativea the higher derivativeterm can completelycancelsomeof the
higher-orderlatticecorrectionspresentin the Reggeaction (which in turn is
only an approximationto the pureEinstein actionfor smallcurvatures).This
phenomenonis alreadyseenin the weak-field expansion,which gives the cor-
rect orderof magnitudefor a0. Theleadinghigher-ordercorrections0(k

4) have
smallcoefficientsin the Regge—Einsteinaction, while the correspondingterms
havea relativelylargecoefficient (0(400)) in the higher-derivativeactioncon-
tribution [18]. On the otherhandthe higher-orderlatticeandradiativecorrec-
tions to thepureRegge—Einsteinaction (a = 0) seemto stabilizethe theory,at
leastfor the d/2 measure.

Quantitativelya
0canbeestimatedin thefollowingway. Fordifferentvaluesof

atheaveragecurvaturevanishesalongaline in the (k, a) planewhichresembles
quite closelya parabola,at leastfor smalla,

a(k~)= a0 + a1 k~+ ... (3.34)

Assumingthis form, one finds a0 = —0.0011(5) and a1 = 0.119(6).Alter-
natively onecan try to determinea0 by assumingthat the averagecurvature
amplitude (closeto k~) divergesfor smalla like

AR.(a) A0 (a_ao)_a (3.35)

From the resultsin table 1 one finds a0 = —0.0011(6)anda = 1.47(9), in
good agreementwith the previousestimatefor a0.

It isalsoofinterestto considerwhathappensfor largea.The resultsofref. [15]
wouldsuggestthat, for sufficiently largea, thescalinglawsshouldbedetermined
by asymptoticfreedomin a. Thusfor atypical massscaleii (a) onewouldexpect
the asymptoticfreedomscalingpredictions

/1(a) ‘~_ exp(—fi1~’a+0(lna)) (3.36)
a—’

wherefib = 133/(1 602t
2) is the one-loopbeta functioncoefficient for a, com-

putedin [15]. As a consequence,onewould perhapsexpectthat the curvature
amplitudeshouldfollow the samelaw,

AR.(a) /1(a)~ A
0 [exp(—fioa+ O(lna))]~ (3.37)

a —‘cc

The resultsfor AR.(a) are shownin fig. 21. Fornow it appearsthat thereis no
signof anyexponentialscalingfor largea, eventhoughtherapid decreaseof the
amplitudefor largea is not inconsistentwith sucha scaling,with A0 ~ 0.48. It
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Fig. 21. CurvatureamplitudeA~(a)(definedin eq. (3.15)),as determinedasa function of a.
Thedottedline correspondsto the powerlaw of eq. (3.35), while the straightline correspondsto
theexponentialasymptoticfreedompredictionofeq. (3.37).Thereis no sign (yet) ofexponential

scaling.

remainsto be seenwhetherevenlargervaluesof a (which canonly be studied
on largerlattices)will showan onsetof exponentialscalingbehavior.

Returningto the discussionof the phasediagram,we canillustrateour con-
clusionsso far by referring to fig. 22. We havediscussedpreviously that for
a = 0.005anda = 0.02 theestimatesfor the critical exponentsrule out a first-
orderphasetransitionby severalstandarddeviations.Thereare a numberof
waysof characterizingafirst-ordertransition.Thecriterionof ref. [20] suggests
thatthe leadingthermalexponentshouldbe proportionalto the dimensionality
of spacetime (or v = l/d) alongthe fluctuation-inducedfirst order transition
line. So one would expect0 = 0, v = 1/4 anda/v = 4, which seemsto be
completelyexcludedfor a = 0.005anda = 0.02 (and presumablyalso for
a = 0.1).

On the otherhandfor a = 0 the situationis quite different, andthe results
discussedpreviouslysuggestindeed that the transitionis close to first order,
since0 0. In generalit is difficult to entirely excludethe presenceof a weak
first-orderphasetransition,if it hasaverysmalllatentheat.Indeedfork ‘—j 0 and
a —a0 a sharpdiscontinuity in the averagecurvaturedevelopsin our model
(it jumpsfrom zeroto infinity). But theresultswehavefound in thepureRegge
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Fig. 22. Phasediagram for purefour-dimensionalsimplicial gravity with a higher-derivative
coupling a (for fixed 1 = 1). Thesquarescorrespondto computedvaluesof ICe (a). The curve
thereforerepresentsan estimatefor the phasetransition line a(k

1), alongwhich the curvature
vanishesand the curvaturefluctuations diverge, and which separatesthe “smooth” from the
“rough” (or collapsed)phaseof gravity. Along thecontinuousline thecurvatureis infinite. Along
the dottedline the transitionis continuous,with a well definedlatticecontinuumlimit; alongthe
dashedline the transition appearsto be first order, with no continuumlimit. The point marked

by a starrepresentsthe approximatelocationof a multicritical point.

gravity case(a = 0) suggestthe presenceof somesortof multicritical behavior,
with a line of first-ordertransitions(leadingto no latticecontinuumlimit, since
the correlationlength is finite at the critical point) separatedfrom a line of
secondordertransitionsby atricritical point locatedsomewherebetweena = 0
anda = 0.005.We shouldstressthat while the critical exponentsin generalare
universalquantities,thelocationof critical pointsis not universal.Thereforethe
locationof critical lines,multicriticalpointsetc. refersto ourspecificactionand
the d1

2 measure.In particular our resultsdo not precludethatwith a different
measureoramodifiedactionthefirst-ordertransitionscanbeturnedinto second
orderones.Butwithin the contextof our model,with its actionandmeasure,a
non-trivial continuumlimit is only obtainedif a smallhigher-derivativeterm is
addedto the pureReggeaction.On theotherhandthis is no loss,sincewe have
arguedthat the latticegravitationalactionis not unique.
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3.5. CORRELATIONS

The previousdiscussionhasdealtalmostexclusivelywith averagesof invari-
antlocaloperatorssuchas thevolume,the curvatureandtheir fluctuations.We
haveshownthatagreatdealof informationaboutthetheory canbeobtainedby
consideringjust theselocal quantities.But in generalthe informationobtained
is restrictedonly to the leadinglong-distanceproperties,andhigher-ordercor-
rectionsas well asadditional informationcanonly be obtainedby considering
correlationsbetweenoperatorsseparatedby somegeodesicdistance.In gravity
complicationsarisesincethe distancebetweentwo pointsis afluctuatingquan-
tity, andthe Lorentz groupusedto classifyspin statesis meaningfulonly as a
local concept.In addition the simplicial formulationis completelycoordinate
independent,andthe introductionof the local Lorentzgrouprequiresthe defi-
nition of avierbeinwithin eachsimplex,andthe notion of a spin connectionto
describethe paralleltransportbetweenflat simplices.

Foraset of local operatorsO0 weconsiderthe connectedcorrelationsatfixed
geodesicdistanced,

G0~(d) = (O0(x)Op(y)0(IxyHd))~. (3.38)

A suitableset of local operatorsin the continuumis representedfor example
by the (fourteen) algebraicallyindependentcoordinatescalarswhich can be
constructedfrom the componentsof the Riemanntensor

R(x), R~vAaR~’~(X),R~,~R~(x),... (3.39)

On thelatticeonecanconstructdiscreteapproximationsto theseoperators[2].
Since the deficit anglesareproportionalto the gaussiancurvaturesassociated
with the hinges,in generalmorethanone hingehasto be consideredandthe
correspondinglatticeoperatorsarenot completelylocal, in the sensethat they
caninvolve anumberofneighboringhingesas well as theanglesdescribingtheir
relativeorientation

~
hjx

~ (0~A~)~/V~... (3.40)
hjx

But one canarguethat the latticetheory is alreadyformulatedexclusively in
termsof coordinateinvariantquantities,the edgelengths,andall thepossible
angleswhich areuniquelydeterminedfrom them (theunderlyinglattice“struc-
ture” isreflectedonly in thelocal coordinationnumber).It isthereforelegitimate
to considerfor exampleconnectedcorrelationsbetweenedgesor curvaturesof
thetype

G~(d) (l~(x)l~(y)0(Ix-yI—d))~



380 H. W. Hamber/ Phasesofsimplicial quantumgravity

G~(d) (00A0(x) o~A~(y)0(Ix—yI —d))~ (3.41)

Herethe indicesa,fi label the edgesandhinges (triangles)within ahypercube
respectively,but morecomplicatedextendedoperatorscan alsobe considered.
With the specificsimplicial latticesubdivisionwe areconsidering,G~’,5~(d) is a

15 x 15 matrix, while ~ (d) is a 50 x 50 matrix if we restrict ourselvesto
variableswithin onehypercube.Thecorrespondencebetweenthe lengthof the
edgeconnectingpoint a to point b, andthe continuummetric g,~(x) is

dx~dxli 1/2

‘ab = Jo ds = J dr(g,~v(x)—~--_--~-_) (3.42)

so in the first caseoneis consideringcorrelationsin the metricof the type

dPdV

andthe integrationsarerestrictedto small regionssurroundingx andy. In the
secondcasewe usethe fact that for a small closedloop

OhU~v~“~ ~va ~I~dxA (3.44)

where~ isabivectorperpendicularto thehingeh (wefollow herethenotation
of ref. [2]). Thereforethe secondcorrelationfunction in equationeq. (3.41) is
equivalentto

~ (3.45)

whereC andC’ aretwosmallcontoursof areaA~andAs’, respectively,andthe
symbol±indicatesherethat the two correspondingparalleltransportmatrices
areto beprojectedalongthebivectorperpendicularto thehinge(in otherwords,
in the direction of U). Of courserather similar correlationsare obtainedif
exp(0) — 1 is consideredinsteadof 0 itself. (Also, for very small loopswe can
rewrite the integral overthe affine connectionin termsof a projectionof the
Riemanntensorin the planeof the loop). If the deficit anglesareaveragedover
anumberof contiguoushingeswhich sharea commonvertex, we obtain

(> OhAh ~ Oh’Ah’ O(Ix — — d))~ (3.46)
hjx h’Dy

which correspondsto correlationsin the scalarcurvature,

~ (.,/jR(x) ~/~R(y) 0(lx —yj — d))~ (3.47)

In generaltheabovecorrelationswill containparticlesofdifferentspin (0,2,..),
but at largedistancesthe lightest (massless)statewith spin two, the graviton,
should dominate,if the theory reproducesclassicalgeneralrelativity at large
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distances.(Spinoneisexcluded,sincetheelementarylatticeparalleltransporters
are representedby real matrices).For purely massiveexcitationsone would
expect

Gap(d) ‘~ Tap(d) exp(—md) + 1~~(d)exp(—m’d) +
d >>1/m (3.48)

wherein andin’ arethemassesassociatedwith the lowestexcitations(m <m’),
andin generalthematricesT will havesomepower-lawdependenceon d like
T d312. The simplest way to extractthe lowest massis perhapsfrom the
momentsof the correlationfunction

M~= fdxfG(x) (3.49)

and then for exampleone hasm [(15/4)M
2/M4]’/

2. At the critical point
k = k~(where the graviton masspresumablyvanishes)the leadingbehavior
shouldbecomea powerlaw

G
0p(d) d—~ccTap (3.50)

whereT is some numericmatrix with entriesof orderone,C is a constant that
setsthe overall scale,anda an integerpowerwhich dependson the scalingdi-
mensionsof thechosenoperators.Therearesomeindicationsthatatthe critical
point the correlationsin the edgelengths,as well as in the curvature,behave
accordingto a powerlaw [1,24]. Furthermoreone expectsthat correlationsin
the volume should behavevery differently from correlationsin the curvature
(this is what was foundfor the zero momentumcomponents,the fluctuations
discussedpreviously).Indeedby expandingaroundflat space,andin the gauge

= 0, oneobtainsfor the gravitonpropagatorin momentumspace[15]
,~ (2) (0)

k ~iv2a pv2a 1
pv~aP = p

2 + (2a/k)p4 + —p2 + (a/k)p4
and therefore schematically on has, in the weak-field limit,

p (0)

(~(x)~(y)) ~fd~ e’~~~
2 + (a/k)p

4

4p(2)(~R(x)~R(y))~fd~ ~ fdq E(p,q) ~2 + (2a/k)p4

- 4p(2)
xR(p,q) (p—q)2+ (2a/k)(p—q)4 (3.52)

where ~krepresent some momentum-dependent vertices. This result would seem
to imply no propagation of the volume density fluctuations,dueto thewrongsign
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ofp2 (“anti-ferromagnetic coupling”) in the scalar component of the propagator.
Someof the preceding analysis might be simplified if we take into accountthe
fact that close to the critical point the physicalgeometryof space-timeappears
to be close to euclidean. While there are strong fluctuations in the curvature,
the average separation between latticepointshasa finite varianceatthe critical
point, and the almost vanishing average curvature shouldallow us to introduce
a global Minkowski metric at large distances.

From the preceding argumentsonewouldexpectthat, for example,thelargest
eigenvalue ~ (d) of the edge—edge correlation matrix G~(d) should decay

like 1 /d2 for large geodesic distancesd. The quantity C
1 = 4Th2d22~,,(d) should

approach a constant, which can be taken as a possible definition of the effec-
tive Newton’sconstantin unitsof the ultraviolet cutoff, 1 /keff

8flGeff = Cl.
Alternatively,onecan computeGeffdirectly from the invariant curvaturecorre-
lation function (eq. (3.46)and (3.47)).It wouldseemfrom our resultsthatthis
quantity tends to a finite value as k tendsto k~. From the curvature-curvature
correlationsfor a = 0.005andcloseto k = k~= 0.244,onefinds l/keff 8.3
in latticeunits,which is comparableto thebarecritical value 1/k 4.10. More
generally,our resultsseemto indicatethatwhile the averagecurvaturein units
of the ultraviolet cutoff tendsto zero as one approachesthe fixed point, the
effectiveNewton’sconstantapproachessomefinite value, whichis of the same
orderas the cutoff.

Alternatively one could determine1 /keffby computingthe analogsof corre-
lation betweenWilson lines. Integratingthe parallel transportequationfor an
arbitrary vector SA,

~k=I~v~i~_SA (3.53)

alongsomepathC connectingx andy, weget

S
4(y) = [PexpfF~(z)dzA]Sv(x) (3.54)

In generalwecan comparetwo vectorsatdifferent locationsonly if oneof them
is first paralleltransported;the sameprocedurehasto be followed in order to
definecorrelationfunctionsinvolving two coordinatevectorsU andV

Gu~(d) = (U~(x) [Pexpf F~(z)dz
1]~v V~(y)0(Ix—yI—d))~

X (3.55)

The correlationbetweenthe world linesof two point particlesseparatedby an
invariant distanced correspondsto the choice U~= dx/” and V”’ = dy”’, and
is given by the expression

(f~,d~fdY~[PexpfF~(z)dzA])c (3.56)
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For a singleclosedpathC we obtainthe Wilson 1oop

W[C] (Tr[Pexp~I’~dx” — 1]) (3.57)

Like the deficit angle0h~this quantity is of coursecoordinateindependent.In
gravity the Wilson 1oop doesnot havethe sameinterpretationas in gaugetheo-
ries,sinceit is not associatedwith the newtonianpotentialenergyof two static
bodies.In ordinary gaugetheoriesat strongcouplingthe Wilson loop decays
like the areaof the loop,dueto the strongindependentfluctuationsof the gauge
fields at differentpointsin space-timeandensuingcancellations.In gravity the
situationis quite differentsincethe connectionscannotbeconsideredas inde-
pendentvariables,andthefluctuationsin thedeficit anglesatdifferentpointsin
space-timearestronglycorrelated.Someoftheabovecorrelationfunctionshave
alsobeendiscussedrecentlyin the contextof continuumweak-fieldperturbation
theory [21].

Sincethe interior regionsof the simplicesareflat, the elementarylatticepar-
allel transportmatricescan havenon-vanishingsupport only at the interface
betweentwo simplices.The effect of paralleltransportarounda closedloop C
is thendescribedby

[HL(j,j + 1)] = [exp{0hU~}] (3.58)
fLu

whereL (j, ~+ 1) is theelementaryparalleltransportmatrixbetweencontiguous
simplicesj andI + 1, and~ is a bivectorperpendicularto the hingeh,

U,~ = Epvpai(~)’(b) (3.59)

with l~)and~ the two vectorsforming two sidesof the hingeh. Comparison
of equations(3.54) and (3.58) meansthat for small loops we maymakethe
identification

RfLPPCX~~-~ ~ (3.60)

where~ is theareabivectorof theloop.This relationemphasizesthe fact that
the deficit anglegivesonly informationaboutthe projectionof the Riemann
tensorin the planeof the (small) loop C orthogonalto the hinge.

The parallel transportersaround closedelementaryloops satisfy the lattice
analogsof the Bianchi identities,which areeasilyderivedby consideringclosed
pathswhichcanbeshrunkto apointwithoutentanglinganyhinge [5]. Thenthe
productof rotationmatricesassociatedwith thepathhasto reduceto the identity
matrix. Thus,for example,theorderedproductof rotation matricesassociated
with the trianglesmeetingon a given edgehasto give one, sincea pathcan
be constructedwhich sequentiallyencirclesall the trianglesandis topologically
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trivial

H [e’1”~] = 1 (3.61)
hinges h

meetingon edge p

Theserelationsaresimply a reflectionof the fact that simplicial gravity (irre-
spectiveof thespecificform of the latticeaction)is entirelyformulatedin terms
of invariants.

It is convenientto considerplanarloops, whicharespannedby the geodesics
tangentto aplaneatsomepointin thecenteroftheloop.Onthesimplicial lattice
theWilson loopiscomputedby evaluatingthedeficit angle, (andits moments),
associatedwith a large planarloop,

((ôc)~)= ((> Os — 2i~)’~) (3.62)
sCC

wheres labels the simplicestraversedby the loop, andO~is the appropriate
internaldihedralangle.Using the definition of thebivector U,,,, andeq. (3.58),
onefinds

W[C] (Tr[PexpfF~dxv — 1]) ((Oc)2) (3.63)

While it is easyto computethe averagedeficit anglefor one triangle, for a
large1oop the averagedeficit anglewill fluctuatearounda rathersmallvalue,
dueto the smallnessof theaveragecurvature.Indeedfor a smallloop, with area
bivector ~ the changein a vectorS is proportionalto the local averagevalue
of the Riemanntensor

AS,, = R~VACXAa 5,, (3.64)

which will be small (‘-.~7?.) closeto the critical point. The Wilson1oop measure-
ment requiresthereforegreataccuracyin the asymptoticregion (T, L >> 1),and
in particularcloseto the critical point (k k~)where,as discussedpreviously,
the fluctuationsin the curvaturedivergein the infinite-volumelimit.

Finally an entirely new set of questionscan be addressedif a scalarfield
q~(x)is introduced,in orderto mimic theeffectsof dynamicalmatterfields (as
opposedto static,infinitely heavyones,whichappearin someof thecorrelations
discussedpreviously).Oneaddsto the gravitationalactionthe contribution

I[~] = ~ + ~V~U(~,) (3.65)
(if) ‘~

which introducesmattervacuumpolarizationcontributions.Here ç~t,is defined
on the sites,V~is the volume associatedwith theedgel~,while J’ is associated
with the site i. Again thereis somefreedomin how thesevolumesaredefined
on thelattice (baricentricor dualsubdivision[2]), but oneexpectsthatuniver-
sality will leadto the samelong-distancepropertiesin the continuumlimit. It
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is expectedthat the critical exponentswill be affectedby the presenceof matter
fields; if the magnitudeof the mattercontributionto the betafunctionin 2 + �

dimensions(seeeq. (3.11)) canbetakenas an indicationfor the size of the dy-
namicalmattercorrectionsin four dimensions,thensuchcorrectionsshouldbe
rathersmall (weshouldpointout thoughthatnot all calculationsof theoneloop
perturbativebetafunctionagreeon its magnitude[8]). As an extremecaseone
could considera situationin which the matteractionby itself is the only action
contribution,without anykinetic term for the gravitationalfield, but still with
a non-trivial gravitationalmeasure;integrationoverthe scalarfield wouldthen
give rise to a non-localgravitationalaction.The potential U(~)could contain
quarticcontributions,whoseeffectsareof interestin the contextofcosmological
modelswherespontaneouslybrokensymmetriesplay an importantrole.

4. Conclusion

We haveseenin the previoussectionsthatpuresimplicialquantumgravity,
without dynamicalmatterfields, leadsalreadyto a rich phasediagramanda
numberof interestingfeatures.In someregionsof the barecouplingconstant
spaceonedoesnot recoverasensiblefour-dimensionaltheory (“rough” or “col-
lapsed”phase),while in otherregions(“smooth” phase)onefindsawell defined
groundstate.In thesmoothphasethelatticecontinuumlimit ischaracterizedby
a setof universalcritical exponents,describingthe natureof curvaturefluctua-
tionscloseto thefixed point.At thefixedpoint thecurvaturevanishes,suggesting
the emergenceof flat Minkowski space-timeat largedistances,in spiteof strong
short distancefluctuationsin the metric andcurvatures.The appearanceof the
two phasesof gravity is not unexpected,if onerecallsthe argumentsaboutthe
unboundednessof the conformalmodefluctuationsin the continuum,at least
for sufficiently smallG. The resultsareverydifferentfrom whatis foundin two
dimensionsin all latticemodelsof gravity, including the presentmodel (where
fluctuationsin the volume divergeinstead [9]), and resemblesomewhatthe
three-dimensionalcasediscussedin ref. [17]. Thereaphasetransitionis found
for somek~(a),againbetweenasmoothanda roughphaseof gravity. Similar
phasetransitionshavealsobeenfoundin the contextof the dynamicaltriangu-
lation model in three [11], andmorerecentlyin four dimensions[12,13].

The interplay betweenmeasureandcosmologicalconstantcontributionde-
terminethe distributionsof edgelengthsandsimplexvolumeson the lattice,
and the latter are shownto be well behavedup to the transitionpoint at /c~.
The shapeof the curvaturedistribution close the critical point suggeststhat
therearesignificantdeviationsfrom gaussianfluctuations.For sufficiently large
higher-derivativecouplingthe transitionis continuous,with acurvaturecritical
exponent0 0.626.Theseresultsindicatethereforethat the latticecontinuum
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limit for simplicial quantumgravity exists,andis non-trivial (in the sensethat
the exponentsdo not fall into a known universalityclass).The natureof the
divergentfluctuationsat the critical point ‘is preciselywhat is expectedfrom a
masslessgraviton (divergentcurvaturefluctuations,no divergencein the vol-
umecorrelations),eventhoughweshouldcautionthatonly a very limited setof
observableshavebeencomputed.For the pureRegge—Einsteinactionthe tran-
sition seemsto be first order,which implies no latticecontinuumlimit unless
a small latticehigher-derivativeterm is added(in otherwordsthe continuum
limit cannotbe takenalongthe axisa = 0).

A finite-sizeanalysisconfirms (with largeerrors) part of the previousconclu-
sions.Sincethereis avery large numberof hinges(triangles)persite (50), the
latticescannotmadelarge enoughto improveon the accuracyof the exponents
obtainedfrom the fits to the averagecurvature(whichhasin comparisonrather
smallerrors),but the exponentsarecertainlyconsistent.

In the smoothphasethereis evidencethat thelowest lying excitationwhichis
responsiblefor critical behaviorhasa mass;thiswould presumablycorrespond
to a dynamicallygeneratedgraviton massin the presenceof a non-vanishing
averagecurvature.At the fixed point theresultsareconsistentwith a vanishing
mass.Thefractal dimensionof space-timeis consistentwith four in the smooth
phaseup to andincludingthe critical point. In the roughor collapsedphasethe
fractaldimensiondropsto abouttwo, indicating thatin thelatticethereappears
to be a proliferationof long, elongatedsimpliceswith smallvolumes. Finally
we havearguedthat while the averagecurvatureapproacheszeroat the critical
point, the effectiveNewton’sconstantis most likely finite there,whenexpressed
in units of the ultraviolet cutoff.

There is a close qualitative,andin somecasesevenquantitative,similarity
betweenour resultsandresultsobtainedrecentlywith the dynamicaltriangu-
lation modelsin four dimensions [12,13]. (The hypercubiclattice model of
refs. [22,23] alsoseemsthe indicatethe presenceof somesort of a phasetran-
sition, whosenatureshouldbe furtherinvestigated).Thesemodelsrepresentsa
somewhatsimplified versionof Regge’soriginal formulation,in the sensethat
all edgelengthsaretakento be equal,andthe only dynamicsleft is in the inci-
dencematrices.Evenclassicallythe relationshipwith gravity is not completely
clear, since a weak-fieldexpansionsuch as the onediscussedin refs. [‘31and
[17] is still lacking, and the modelslack the classical continuousdiffeomor-
phisminvarianceevenin the flat limit. On the otherhandin two dimensions
reparametrizationinvarianceseemsto berecoveredin all modelsatthequantum
level, which representsaratherremarkableresult.The lossof continuousdiffeo-
morphisminvariancein the smoothlimit in thesemodelsis partly compensated
by thefact thatatleastthe calculationof curvaturesandvolumesbecomessim-
ply abookkeepingproblem,andleadsfor exampleto a significantsimplification
of the programs.The questionthereremainswhetherthe physical continuous
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diffeomorphism,whichis explicitly brokenon the lattice, is recoveredin some
continuumlimit which is non-trivial (the identificationof the continuumdif-
feomorphismgroupwith simply the permutationsof verticeson the lattice, as
advocatedin ref. [131, is difficult to justify). But it appearsto be a common
featureof all latticemodelsofgravity thatsomelocal invarianceis lost by going
on the lattice (and someis retainedexactly), and that at least somemodels,
including the Reggediscretization,suggestthe possible full restorationof the
diffeomorphismgroupin the vicinity of the non-trivial fixed point, as signaled
by long-rangefluctuationsin the physicalcurvatures.

In thedynamicaltriangulationmodelaphasetransitionseparatingthe“smooth”
from the“rough” phaseof space-timewasfound recently,verysimilar in nature
to the one discussedhere,as well as in refs. [1,2]. This would representa very
encouragingresult, sinceit would suggestthat the two discretelattice models
belong,as perhapsexpected,to the sameuniversalityclass,andthereforehave
thesamelatticecontinuumlimit. It appearsthatthereis evensomequantitative
agreement,as far as the critical exponentsare concerned,betweenthe results
of ref. [12] andthe resultspresentedhereandin ref. [1]. The importanceof
havingtwo entirelydifferentregularizationschemeswhich give riseto the same
latticecontinuumlimit neednot be emphasizedhere.On the otherhandthe
largestlatticesusedin ref. [13] to estimatethecritical exponent0 arecompara-
ble in sizeto thesmallestoneemployedin thiswork, andadetailedquantitative
comparisonmight thereforebe prematureat this point (while the systematics
of the two modelsmight be quite different,we find that our resultswould be
inconclusiveon such small lattices). In addition the curvaturesare continu-
ous in the Reggemodel, while theyarediscretein the dynamicaltriangulation
model,andonewould thereforeexpectthe approachto the continuumlimit to
be slower in the latter case.Also, in the presentcaseperiodicboundarycondi-
tions areused,which areknownto minimize boundaryeffects (seediscussion
in the previoussections);for the topology of the sphereboundaryeffectscould
belarger.Oneshouldalsoberemindedthat no solutionto the classicalEinstein
equationswith acosmologicalterm existon the torus,andno solutionswithout
oneexiston the sphere.It shouldnot comeasa surprisethereforethatdifferent
modelsemployingdifferentboundaryconditionsleadto differentvaluesfor the
averagecurvatureatthe critical point; it is not obviousafterall thatthe average
curvatureat the critical point shouldbea universalquantity.

Many questionshaveremainedopen. We havenot investigatedyet in detail
how the resultsdependon the choiceof invariant measure.In two andthree
dimensionthe detailedfeaturesof the invariantmeasureover the 12’s seemto
play no role as far as the continuumlimit is concerned[9,17], andone might
expectasimilarresult to remaintruealsoin fourdimensions.Indeedon thebasis
of universalityof the latticecontinuumlimit onewould expectthatthe results
for exponentsandotherinfraredsensitivequantitiesshouldnot be affected,as
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long as the measuredoesnot becomesingular (or non-local).In addition we
mentionedin the previoussection why it would be of interest to investigate
some of the issues discussed in the present paper in the presence of dynamical
matterfields. Finally, the resultswe havepresentedfor correlationfunctionsat
fixed geodesicdistancehavebeenvery limited and ratherpreliminary, due to
the technicaldifficulty of computingthesecorrelationsaccurately.We hopeto
returnto thesequestionsin afuture publication [24].

The authorhasbenefitedfrom conversationswith B. DeWitt, J. Hartle, P.
Menotti, G. ParisiandR.M. Williams. The presentresearchwas supportedin
part by theNationalScienceFoundationundergrantNSF-PHY-8906641.Nu-
merical computationswereperformedat the NSF-sponsoredNCSA, PSCand
SDSCsupercomputercenters.
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