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Recent results for simplicial quantum gravity are reviewed. Models are considered in which the topology is fixed,
and the edge lengths are varied while the coordination number is held fixed ('Regge calculus’). As expected on the
basis of universality, in two dimensions the results for pure gravity critical exponents are found to be in agreement
with the conformal field theory predictions. The effects of both higher derivative terms and gravitational measure
contributions are investigated in detail, as well as the inclusion of & D-component scalar field, For sufficiently large
D a phase transition is found, leading from the Liouville phase into a branched polymer phase. The results suggest
universal critical behavior, and are in good agreement with recent results obtained with the dynamical trianguiation
models. While no phase transition is found for pure gravity in two dimensions, a phase transition between a 'rough’
and a 'smooth' phase of spacetime is found in both three and four dimensions, in agreement with the results of
the 2 + e-expansion in the continuum. In both cases the transition appears to be continuous (suggesting therefore
the existence of a lattice continuum limit), and the critical exponents can be estimated. While fuctuations in the
local volumes are responsible for eritical behavior in two dimensions, in three and four dimensions it is instead the

fluctuations in the local curvature that diverge at the critical point.

1. Introduction

In this review I will concentrate on the simpli-
cial formulation of quantum gravity, also known
as Regge calculus [1] (for reviews, see refs. [2-
5); some earlier reviews can be found in [6,7]).
One of the advantages of the simplicial approach
lies in the fact that it can be formulated in any
space-time dimension (including the physically
relevant case of four dimensions), and that it
can be shown to be classically completely equiva-
lent to general relativity. This correspondence is
particularly transparent in the usual weak field
expansion (8], with the edge lengths on the lat-
tice playing the role of the components of the
metric field in the continuum. Furthermore the
correspondence between lattice and continuum
quantities is clear, and the interpretation of the

terms in the action, as well as the identifica-
tion and separation of the measure contribution,
1s unambiguous. The weak field expansion has
not been worked out yet for dynamically trian-
gulated models for random surfaces {22,21,23),
which lack reparametrization invariance as well
(for exampie only one triangulation of flat space
exists, a regular triangular lattice). On the other
hand reparametrization invariance seems to be
recovered in all models at the quantum level,
which represents a rather remarkable resuit. Of
course, since gravity is not well defined in the
continnum, a number of difficulties, related for
example to the gravitational measure factor [18],
the unboundedness of the euclidean gravitatio-
nal action above two dimensions {19}, and the
lack of perturbative renormalizability in greater
than two dimensions [20), persist in the lattice

* To be published in the Proceedings of the 1991 Barcelona Conference on 2-D Gravity and Random Surfaces.
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formulation as well. For a more complete list of

early references on simplicial gravity, the reader
is referred to ref. [2]. |

Some important issues that need to be ad-
dressed in lattice quantum gravity include the
following:

eRestoration of coordinate invariance
ePossible phases of the theory

eUniversality in iattice gravity

In this review I will in sequence discuss the fol-
lowing topics, in the context of the simplicial
quantum gravity model to be discussed below,

ePure lattice gravity in d =2

o(Gravity coupled to D scalar fields
esUniversality and phases of 2 —d gravity
eDependence on the measure

ePhases of pure gravity in d =3
o(ritical behavior in d =3

ePhases of pure gravity in d = 4
o(rifical behavior in d =4

A detailed description of the construction of
the action for simplicial lattice gravity without
and with matter fields can be found in the liter-
ature [14,16,17,2]. In a number of cases the cor-
respondence with the continuum answer can be
established quite rigorously and in great gener-
ality [8~10,13). Here we will only recall the ge-
ometric correspondence between continuum and
lattice guantities in two dimensions, and which
can be verified explicitly within the lattice and
continuum weak field expansion [17],

/d”m/ﬁ — 2

Pz \/q(z) R¥(z) — 4 ¥, 62/ 4 (1)

where §; is the deficit angle at the vertex 2, and
A; is the area associated with the site i (which
1S not necessarily unique, since the lattice can
be subdivided geometrically in more than one
way). Similar formulae hold for higher dimen-
sions; given reasonable geomeiric and positiv-
ity properties, universality is expected to lead
to the same results for universal quantities (like
physical observables, exponents, anomalous di-
mensions etc.) in some continuum limit, (This is
known to be the case in ordinary lattice field the-
ories (lattice A¢?, lattice QCD, lattice QED, ...},
where the physical particle spectrum 1is expected
to be independent of specific details of the ultra-
violet lattice cutoff and the specific form of the
lattice action, as long as it preserves the basic
symmetries; it has also been verified explicitly
to some extent in the case of two-dimensional
gravity [26], where good agreement is found be-
tween the lattice gravity results and the con-
formal field theory predictions for critical expo-
nents. As in the continuum, in the simplicial for-
mulation the local curvature R(z) ~ 26;/A; is a
continuous function of the relevant edge lengths;
the straightforward geometric correspondence of
lattice and continuum quantities is one nice fea-
ture of the Regge calculus approach, and allows
one for example to distinguish clearly between
various higher dimensional curvature 1nvariants
[16].

While simplicial quantum gravity can be for-
mulated on a random lattice [27], it appears ad-
vantageous at least initially to adopt a regular
lattice, which is much easier to work with from
a computational point of view. The continuous
diffeomorphism invariance discussed in [1,8], as
well as in [26], is of course not lost by going to
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such a regular lattice. On the other hand the
random lattice might appear more satisfactory
from a conceptual point of view, since it incor-
porates, for smooth manifolds, the invariance un-
der ’large’ lattice diffeomorphisms, whereas in
the regular lattice only 'small’ lattice diffeomor-
phisms are allowed. Thus the two different lat-

tices Induce quite a different cutoff structure in

orbit space. Eventually one hopes to redo all the
calculations for such a random lattice. Most of
the numerical simulations of lattice gravity in
four dimensions have been done for such regular
lattices [14-17,28). In most of the following we
will discuss results for a simplicial complex topo-
logically equivalent to the torus (in two, three
and four dimensions), and, in one instance, to
the two-sphere. This is not because one attaches
any specific significance to the torus, but be-
cause it is easier to work with. In the end though,
one expects ultraviolet renormalization effects to
be independent of the boundary conditions, and
therefore of the topology.

One further issue that needs to be addressed is
the problem of the gravitational lattice measure.
In the continuum the form of the measure for the
guy fields appears not to be unique [18,29,34].
The reason for the ambiguity appears to be a
lack of a clear definition of what is meant by []..
in the gravitational functional measure. In spite
of some recurrent claims to the contrary, it would
seem that such an ambiguity persist in a{l known
lattice formulations of quantum gravity. However
the difference among the measures seems to be
1n the power of /g in the prefactor, which corre-
sponds to some product of volume factors on the
lattice. These volume factors do not give rise on

the lattice to edge-edge coupling terms (deriva-
tives of the metric in the continuum), and are
therefore strictly local.

DeWitt [32,18] has argued that the gravitatio-
nal measure should be constructed by first intro-

ducing a super-metric over metric deformations,
which in its simplest local form then leads to a
functional measure for pure gravity in d dimen-
sions of the type

aulg] = [ ¢9- 9072 IT dg, (2)

L 42y

Another popular (pure) gravitational measure
in the continuum is the Misner scale-invariant
measure [29]

dulg] = [ ¢~V 2 [ dg,u (3)
z B2y

It 1s unique if the product over z is interpreted as
one over ‘physical’ points, and coordinate invari-
ance 18 imposed at one and the same ‘physical’
point. Other forms of the measure for the gravi-
tational field have also been suggested [33], some
inspired by the canonical quantization approach
to gravity [34]. If matter fields are present, then
the gravitational measure has to be further mod-
ified [32] (see discussion below).

On the simplicial lattice it is clear that the
edge lengths are the elementary degrees of free-
dom, which uniquely specify the geometry for
a given incidence matrix, and over which one
should perform the functional integral [14,15.3].
Indeed the induced metric at a simplex is related
to the edge lengths squared within that simplex,
via the expression for the invariant line element
ds? = g,,dz”dz’. The correspondence between
the induced metric field defined within a simplex
8, and the lengths of the edges of that simplex
[6], is given explicitly by

1
gl'.f(s) = 5 [If,:+i + If,l"l-'j = IE+|’,l+;,l' ] (4)

One notices that in general each edge is shared
between several contiguous simplices, and that
an integration over the edges is not simply re-
lated to an integration over the metric (even
though there are d(d+ 1)/2 edges for each sim-
plex, just as there are d{(d + 1)/2 independent




4 Herbert W, Hamber / FPhases of Simplicial Quantum Gravity

components for the mefric tensor in d dimen-
sions). Thus originally the pure gravity measure

/dpz[f] = H“‘/;m it F[1] (5)

edges |

was suggested. Here ¢ = 0,-2, and F,[{] is a
function of the edge lengths, with the property
that it is equal to one whenever the triangle in-
equalities and their higher dimensional analogues
are satisfied, and zero otherwise. ¢ = 0 then cor-
responds to the DeWitt measure 1n four dimen-
sions, while ¢ = —2 corresponds to a scale invari-
ant measure like the continuum Misner measure.
The parameter ¢ can be introduced as an ultra-
violet cutoff at small edge lengths: the function
F.[l] is zero if any of the edges are equal or less
than ¢ (the introduction of such a cutoff seems
to be necessary in four dimensions [15], but not
in two [17]. The above measure is of course cor-
rect in the weak field limit, where all contin-
uum measures agree as well, and integrates over
coordinate independent quantities, the invariant
lengths of the edges.

But since we have argued that it is not entirely
clear what the continuum measure should be, it
would seem of interest to explore the sensitivity
of the results to the type of gravitational measure
employed. One would expect on the basis of uni-
versality that different measures might lead to
the same continuum limit. Another class of pure
gravity measures which can be written down on
the lattice is obtained by considering the ‘volume
associated with an edge’ V;; (which corresponds

to the quantity 1/g(z) in the continuum), and
writing

f dufl}= [] ]:ﬂ Vii? dli; Fell (6)

edges i)

with ¢ = —=1/d for the lattice analogue of the
Misner measure, and ¢ = (d — 4)/4d for the lat-
tice analogue of the DeWitt measure.

Eventually one would like to see how the re-
sults depend on the form of the measure and on
the measure parameter o (or ¢). In the case of
two dimensional gravity, which will be discussed
below, extensive studies can be done, and com-
pared to exact results known from conformal
field theory, There the numnerical results show
that different measures, within a certain univer-
sality class, will give the same results for in-
frared sensitive quantities, like correlation func-
tions at large distances, and critical exponents.
The lattice path integral might not be meaning-
ful though for certain values of ¢; in particular
if the measure parameter ¢ is too negative in
two dimensions, then the measure factor tends to
favor configurations of-triangles which are long
and thin, with a small area and a large perime-
ter. The lattice tends to degenerate into a lower-
dimensional manifold, a situation far from the

desired continuum limit, and which one would
like to avoid.

2. Pure 2-d Gravity

A suitable action for pure lattice gravity in two
dimensions was given in ref. [17], in the form
52

sitea i

In the limit of small fluctuations around a smooth
background, the above lattice action was shown
to correspond to the continuum action

I=/dzz\/§[k—g—R+§R2] (8)

up to higher order lattice corrections. For a man-
ifold of fixed topology the term proportional to
k of course can be dropped. The higher deriva-
tive term proportional to a was introduced since
it can be useful in controlling the fluctuations in
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the intrinsic local curvature, although it is ex-
pected to be irrelevant as far as critical prop-
erties are concerned {its presence prevents the
appearance of conical singularities, where the
Gaussian curvature might becorne very large, but
it does not of course prevent ‘folding’ singulari-
ties, corresponding to singular structures in the
manifold which appear in embedding space only:
to control the latter an extrinsic curvature term
is required). For a — oo the manifold approaches
a flat limit, whereas for a — 0 local fluctuations
In the curvature become more pronounced. It
was further shown in [17] that no sensible ground
state exists for a < 0, while the path integral is
well behaved for @ > 0 (and positive A), and
for this reason in the following we will only dis-
cuss the case @ > 0. For ¢ > 0, A > 0 no phase
transition was found in two dimensions, but long
range excitations are clearly present due to the
Liouville mode (see discussion below).

Recently the numerical simulations results have
been significantly extended [26,35] to cover a va-
riety of critical exponents, which can be com-
pared to the conformal field theory predictions
(for D < 1), and also in order to explore the
phase structure for D > 1, where no exact re-
sults are available. In the numerical simulations
the configurations of edge lengths are generated
by the standard Monte Carlo algorithm, as dis-
cussed in refs. [17], using as a background space
a network of umt squares divided into triangles
by drawing in parallel sets of diagonals, with pe-
riodic boundary conditions to minimize edge ef-
fects.

2.1. Critical Ezponent «,,

In our previous work [17] the canonical ensem-
ble (with fixed bare cosmological constant ) was
considered. But in order to compare with the
exact conformal field theory results obtained by

KPZ [38-40], one should instead consider an en-
semble where the total area A is kept fixed. In
such an ensemble the limit A — oo corresponds
to A — A, in the canonical ensemble. One ap-
proaches the limit A — oo by letting the num-
ber of sites N — o0, for fixed elementary triangle
areas. The lattice analogue of

zi4)= [auig 6([ VG- 4) exp (-1l (9)
15 then expected for large area to behave like
Z [A] Podl A™3F ™ exp (—(A = Ap)A) (10)

with v, = x{y — 2)/2 + 2. Here x is the Euler
characteristic, and

¥ = I%(D - 1- V(D"' 1)(D - 25)) (11)

the string susceptibility exponent [38]. Pure grav-
1ty without matter fields then corresponds to the
case ) = 0, and in particular on the torus one
has the prediction v, = 2, independent of D
[39,40].

It 15 easy to see that the exponent 7, can be
related to a finite size correction [28],

a < [JTR* >, 2= 7y
2 A ST A T (12)

One can compute the coefficient of the finite size

correction to R? by investigating both the torus
and the sphere. In both cases the lattices con-
sidered contained from 48 to 12288 edges (cor-
responding to lattices with between 42 and 642
sites); the coupling a was set = 1, and the mea-
sure dl/l of eqn. (5) was used. More details can
be found in [26]. |

In the case of the torus the results for the co-
efficient of the 1/A term are quite accurate, and
one finds 2 — v, = 0.025 £ 0.022, consistent with
the exact result for the torus 4, = 2. For the
sphere the results for 4, are not quite as accu-
rate as for the torus, but one still gets the esti-
mate ¥ = —0.50 £ 0.22, to be compared to the
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expected KPZ answer of v+ = —1/2. The above
results, which are in good agreement with the
continuum KPZ prediction, suggest a complete
restoration of general coordinate invariance at
large distances in the lattice theory.

According to Polyakov [36] the only degree of
freedom of pure 2-d gravity is the Liouville mode,
corresponding to local fluctuations in the area. It
1s therefore meaningful to investigate the criti-
cal properties of the area filuctuation or Liouwville
field ¢(z) on the simplicial lattice. One can de-
fine the discrete analogue of the continuum Li-
ouville field p(z) = In\/g(z) as ¢; = In A; (A;
is the area associated with the site 1), and com-

pute the Liouville field susceptibility on a finite
lattice

Xe(L) = A[<¢® >~ < p>?] (13)
where L = /A, and we have defined

1
p = z; In A; (14)

Indeed (for the measure di/! at a = 0) one finds, -

using finite size scaling on tori of sizes L = VA =
8 — 128 (see fig. 1),

In x, (L) iy c+(2—ny) InL

with a critical exponent 2 — 5, = 2.08 &+ 0.12,
in good agreement with the Liocuville prediction
o = 0. Therefore the results suggest again a
complete restoration of reparametrization invari-
ance in the quantum theory. This conclusion is
further supported by the resuits obtained when

a massless scalar field i1s coupled to gravity.
2.2, Scalar Fields Coupled to Gravily

One can couple to gravity a D-component
scalar field ¢¢, a = 1, ..., D, with the scalar field
defined at the vertices of the lattice triangles. A
sultable action for a massless field is then

A mni:{[")

lﬂa P—————— —— ity —
.
@ -
wl ' —
% |
109 ; . " -l-—-—l—l—.d—.h—l-]—-
9 10 5Q 100
L =vaA

Fig. 1. Area fiuctuation or Liouville susceptibility, as a
function of lattice size. The circles correspond to pure
gravity and ¢ = 0 (D = 0), and the squares to gravity
with ¢ = O coupled to an Ising field (D = 1/2). The
straight line on the logarithmic scaie indicates a growth
proportional to L?, in agreement with the Liouville the-
ory prediction.

(16)

=z & v (572)
edges ij '

where V}; is the volume associated with the edge
ij. The above lattice action then corresponds to
the continuum expression

1 |
5 [ @2 Vi e 0.8 0,00 (17

The scalar fields can also be considered as coor-
dinates in a D-dimensional euclidean embedding
space, and the results can be compared to pre-
dictions from random surface models [36-38].

It appears that the gravitational measure has
to be modified in the presence of the matter
fields. The DeWitt argument (involving now the
norm of the scalar field deformation) suggests,
for a D-component scalar field, the invariant
measure [32]
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dulé) = [ [ 9°/%(z) [] d¢°(=) (18)

By combining it with the pure gravitational mea-
sure, it gives the combined measure for the gra-
vitational and scalar degrees of freedom in two
dumensions

dulg]dulé] =

H g°(z)dgu,(z

z, B2V

quaﬂ (z) (19)

with o = (D —1)/4 for the DeWitt measure, and
c = (D — 2)/4 for the Misner measure. Going
over to the lattice, one observes that the various
measures discussed up to now (including the
dl/! measure) can be recast in the form

/m aly Falx J] Hj def

edges 1) sites § a

X exp (Zln [ ZRV2e ) (20)
ij

with o = o = 0 for the di/! measure, and a = 1
and o equal to the above values for the lattice
analogues of the DeWitt and Misner measure.
As will be discussed below, one can explore the
phases of two-dimensional gravity as a function
of the measure parameters & and , and one finds
that some degree of universality with respect to
the gravitational measure seems to hold.

In order to study the properties of the scalar
field coupled to gravity, and attempt to compare
with recent related work in the continuum [40),
one can measure the discrete analogue of the co-
ordinate invariant quantity

G __ +ay2
<¢2>=%5f—‘/‘f—%\/§j)—i (21)

with the average defined as

go = /9 ¢°

(22)

S V3

Since one 18 working in an ensemble in which the
total area is fixed, and equal to the number of

sites, one has [ /g = > . 4i = N = A. On the
lattice one should measure therefore [26]

<¢2>-——<ZA (6F ~ ¢°)* > (23)
with
o= =3 Ai 8t (24)

Initially the case D = 0 was considered (no feed-
back of the scalar field on the geometry), to-
gether with D = 1 and D = 2. For the coeffi-
cient of the R*-term in the action ¢ = 0.1 and
a = (0.001 was chosen, motivated by the intention
to explore the sensitivity of the results to what is
expected to be an irrelevant term. (The lattices
ranged in size from 8% = 64 to 512? = 262144
sites, and the scalar field updates were performed
both by Metropolis Monte Carlo, as well as by a
heat bath).

As 1g illustrated in fig. 2 for D = 1, the results
clearly suggest a linear behavior of < ¢2 > in

In A for the values of D (0,1,2) and a considered
<¢2> ~ co+c InA (25)

A=o0

implying an infinite Hausdorff dimension in em-
bedding space. For the pure In A fit there seems
to be only a weak dependence of the fitted coef-
ficlents on D and a, for small D.

If one attempts to fit < ¢2 > to a power of
L instead (as suggested for example by some au-
thors [40], namely
1n<:¢2> ~ co+ci1inA (26)

A=

one finds values for ¢; = 2/dg, where dg is the
fractal dimension of the surface, in the range
0.15£90.02, or dy about 13. On the other hand
the ¥2 parameter for the fits is always at least
an order of magnitude larger than in the previ-
ously discussed case, and furthermore dy shows
a clear trend towards an increase with lattice
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Fig. 2. Scalar field average < ¢° > for gravity coupled
to a massless scalar field (D = 1), with & = 0.1 (circles)
and a = 0.001 (squares). The diamonds indicate results
for the DeWitt measure (di?), with o = 0. The straight

line corresponda to a logarithmic divergence, or dpy = 2.

size (on a log-log plot there is a clear curvature
in the data). From this one concludes that the
fractal dimension is always infinite in the model
for D = 0,1,2 and for the dl/! measure. Fur-
thermore for D = 1 there is no indication of a
(In A)?-term {40}, and one can obtain a stringent
bound on its coefficient, c; < 0.002(2).

It 1s of interest then to explore how some of the
above results depend on the gravitational mea-
sure. For D = 1 and @ = 0 the simulations were
repeated using the lattice analogue of the De-
Witt measure. For D = 1 this particular measure
becomes quite simple, [] di?, and all volume fac-
tors cancel out. One finds that the modification
of the measure changes the non-universal coeffi-
cients of the constant and InA terms, but leaves
the functional dependence on A unchanged, and
in particular the result dy = oo [26].

R R o e T P = e T M e e - TN T e 2 T W e e Eo s T Y T e s iy 5 S e M T T T A e T || e A T FTO T CY o I e =T e i T PO e e A L

2.8. Phases of 2-d Gravity

It is of interest to investigate further the de-
pendence of physical results, like the embedding
fractal dimension dg, on both the gravitational
measure (i.e. the measure parameter o) and the
number of components of the scalar field D, per-
haps in some limits, like large D, and more sin-
gular measures (negative values of o). To this
end we have redone the calculations of < ¢? >
for larger values of D, namely D =4, D = 8 and
D = 12, and on lattices varying in size between
64 and 4096 sites with a = 0.001, using the 'flat’
(D-independent) measure di/!.

From the numerical resuits [35] one ¢an clearly
see that as D) increases, the coefficient of the ln A
term in & < ¢? > increases, until for D = 12
the behavior 1s more consistent with a power law
behavior in the area. Indeed in this last case a
power law fit gives dg =~ 4, which is close the
fractal dimension for branched polymers (trees),
dz = 4. (The large error bars in the data stem
from the fact that for D = 12 the model has en-
tered into a new phase In which relaxation fimes
are extremely long. Indeed the step size in the
simulation has to be decreased by four orders of
magnitude to keep the acceptances of order one,
which suggests that the model we are considering
is probably not even appropriate for this phase.
Another indication that this is the case comes
from the fact that a number of edges astart to
become quite long, while others get very short,
regions develop where the curvature is very large
in magnitude, and it becomes increasingly diffi-
cult to get rid of these 'defects’, especially on the
larger lattices).

There are a number of ways by which one can
try to locate more accurately the transition, as a
funetion of D. Indeed on a finite lattice a sharp
transition between a phase in which dg = co and

i [T T W P P T TYe F=tTar i
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Fig. 3. Effective Hausdorff dimension as a function
of D, for the flat di/l measure (a=0.001 (diamonds),
a=0.1 (squares) and a=1.0 (stars))}, the DeWitt measure
dFVI(D_”‘m (a=0.001, circles), and the df/f'lf}ﬂﬂ mea-
sure (a=0.001, diagonal crosses. All results are from an
82 lattice.

HiH
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0.0

dg = 4 will be somewhat broadened. One way is
to try to determine where the coefficient of the

In A-term diverges

<¢2 }A""" co+¢; InA

—t OO
#

D - D,
which gives from our data D, == 13. Alterna-
tively one can fit the data to a finite power of 4,
and estimate D, from where the effective power
start to become very small. One finds D, = 14,
roughly consistent with the previous estimate. In
conclusion for the measure di/! the traunsition is
close to D = 13. (One can also try to extract
a value for the susceptibility exponent +,; one
finds for D = 4,8,12 +,, ~ 1.8,1.7, 3.8, which
1s on the one hand consistent for small D with
the previous results for D = 0,1,2 (v, =2), and
for larger D with the fact that v should eventu-

Cy r~ (27)

1/dy{o)

—_—
—_—

(o)

0.4

...

03 —

Fig. 4. Effective Hausdorff dimension as a function of the
measure parameter o, with measure di/i{V??, for a=0.001

(circles) and a=1.0 {squares), and D=0. All results are
from an 82 lattice.

ally become negative {41,42]. On the other hand
we do not believe that our results are accurate
for D > D, for the reasons mentioned above).
One would like to understand how the previous
results for the transition depend on the gravita-
tional measure, the R? term in the action, and D.
Since performing a full expioration of the phase
diagram using a set of many different lattice sizes

1s quite time consuming, one can restrict oneself
to a fixed lattice (of 64 sites), and define an ef-
fective fractal dimension di(A) via

In < ¢2 > 411
lnA

Then we have explored the measure di/l for
a = 0.001,0.1, 1.0, the measure di/! x AL/? for

a = 0.001, and the lattice analogue of the De-

~ d
A—hmH

dg(A) = 2 [ (28)

Witt measure, di? x AP"1/2 alo with a =
0.001; D was varied between 0 and 32. As can be
seen from fig. 3, the transition at finite D seems
to disappear when the correct DeWitt weighting
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Fig. 5. Phase diagram for 2-d gravity coupled to D-compconent scalar field; ¢ is the gravitational measure parameter,
defined in the text. Upper curve: higher derivative coupling a=0.001, lower curve: a=1.0. The dashed line corresponds to

the DeWitt measure,

factor for the scalar field measure \/';,TD /2 is taken
into account for large D (for small D its effect ap-
pears to be negligible). On the other hand, if the
coefficient of the R? term a is varied for the di/!
measure, then it seems that D, can be shifted
by one or two units. In other words the location
of the transition in JJ seems to be non-universal,
and even appears to depend on a.

If instead of varying D one fixes D and varies
the measure parameter o, a similar transition is
encountered for sufficiently negative ¢. In this
case one can-write the measure as di/l x A??,
and vary 2¢ between () and -12, setting a = 0.001
and a = 1.0. The results one obtains in this case
are shown in fig. 4.

As the measure becomes increasingly singular
(large negative o), one again encounters a transi-
tion to the branched polymer (tree) phase, with
dy approaching four. (Due to the smallness of
the lattice one observes some substantial round-

ing, which presumably will sharpen as one goes

to larger lattices. For ¢ = (.001 the location of
the transition can be estimated at 20, &~ —12
by comparing to the analogous behavior for the
transition in D discussed above. If g is larger,
then 1t seems that the transition moves to even
more negative values for o, as expected from the
effect of the R? term which tends to suppress
singuiarities in the curvature.) The above results
can then be summarized in the phase diagram of
fig. 5.

One concludes that there 1s a whole line of
phase transitions for all D’s considered here (0 >
D > 32), which crosses the o = 0 axis only for
larger (~ 12) values of D. For the DeWitt mea-
sure we find no transition in the region consid-
ered, but one cannot exclude one for even larger
values of D (D > 32), even though we are more
inclined to believe that such a transition never
takes place for the DeWitt measure (which is the

preferred gravitational measure in the presence
of scalar fields).
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Our results are in qualitative agreement with
the results of the authors of ref. [41], who in-
vestigated in detail the phase diagram for dy-
namically triangulated random surfaces based
on equilateral triangles, and employed the 'fiat’
(¢ = 0) measure. They found a transition for
D. ~ 4. A similar result was also found by a
different group {42}, using the same model as the
previous authors, but the dependence of their re-
sults on the (measure) parameter & seems to be
just the opposite of what is observed here. In
particular they find a transition for the lattice
analogue of the DeWitt measure, and we don’t.
Due to the lack of universality in D, discussed
above, some of these discrepancies are not sur-
prising. One can ascribe this situation to the dif-
ficulty in deciding in the DTRS model what is
the analogue of the continuum measure contri-
bution, and what is the analogue of a curvature
squared term, since the correspondence with con-
tinuum operators has to be obtained by some
suitable local averaging. For example the mini-
mal area associated with a point is proportional
to q=3 for equilateral triangles, while it is zero
in our formulation of simplicial gravity, just as
Iz the continuum. This accounts for rather dif-
ferent weighting properties in the path integral.
Our results seem also to indicate that the ap-
proach to the continuum is perhaps faster in the
Regge calculus approach, which deals with con-
tinuously varying curvatures, and can approx-
imate a curved manifold more accurately with
less triangles.

3. Gravity in Three Dimensions

While the physical interesting case is four di-
mensions, it appears worthwhile to investigate
the intermediate case of three dimensions, which
s less trivial than two-dimensional gravity since

the Einstein action is no longer a topoiogical
invariant. It is also far less complex (as far as
the lattice interactions are concerned) than the
four-dimensional problem, but shares some of the
same problems, namely the unboundedness of
the pure gravitational action , as well as the lack
of perturbative renormalizability.

The pure gravity action on the lattice will be
chosen to be

I = Z[}.Vh—kl‘hﬁhﬁ-am] (29)

edges h Vi

as discussed in refs. {16,2]. In the classical contin-
uum limit the above action is equivalent to the
continuum action

I=/dﬂz¢§[ A—%R
a Hypo
+ Z RpppgR ] (30)

with a cosmological constant term (proportional
to A), an Einstein-Hilbert term and a higher
derivative term. One could consider the Regge-
Einstein action by itself (a = 0), but then the
euclidean action would be unbounded from be-
low, and problems might arise, depending on the
choice of measure. More details about the for-
mulation and results in three-dimensional grav-
ity can be found in ref. [47], where the weak field
expansion is also worked out in detail. Recently
there also has been some work on three dimen-
sional generalizations of the DTRS model [48],
which might represent an alternative approach
to what is being discussed here (even though
the classical limit of that model still needs to
be worked out, and shown to be equivalent to
classical gravity; this appears to be non-trivial
since the local curvatures are discrete).

In the numerical simulations the cubic lat-
tice was employed, with three face diagonals and
a body diagonal introduced to make the cube
rigid. Lattices of size between 47 (with 448 edges)
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Fig. 6. Average curvature R as a functionof k, for A =1
and a = 0.005 (dI? measure).

and 323 (with 229376 edges) were considered:
some shorter runs with lattices of size 64° (with
1835008 edges) were also done. The measure
was chosen to be di?, in order to compare di-
rectly with results with the same measure in d=2
and d=4 (see following section). (The lengths of
our runs typically vary between 100k Metropolis
Monte Carlo iterations on the 43 lattice, 40k on
the 87 lattice, 10k on the 162 lattice, and 1-2k
iterations on the 323 lattice. As starting configu-
rations on the larger lattices duplicated copies of
the smaller lattices are used for each k, allowing
for additional equilibration sweeps after dupli-
cating the lattice in all directions.) One should
emphasize that at this point the nature of the re-
sults is still rather preliminary. A more detailed
description of the results can be found in ref. [47].

Quantities of physical interest which have been
computed include the average curvature R

_“:__22;; Onln >
<2aW>

R = <>

Az (F)

3.0 —F-I—'—I—I—l—'—'l—l—'—'—l—r—lj—-r—q—v—-t—j—;—y—q—,_

=02

-0.1 0 Q.1 .2 0.2

k
Fig. 7. Curvature fluctuation xr as a function of k, for
the same parameters as in fig. 6.

~ (31)
and the average curvature squared R?

Rz — <Iz >2 <4EQJEI§/V-’I>

< :h Vﬁ -
< [ /9 Ryype RPY?7 >
< [7>

Here the sum over hinges A is simply a sum over
the edges in the simplicial lattice. In four dimen-
sions one knows that there is a continuous transi-
tion between a 'smooth’ (small negative average
curvature) and a 'rough’ (very large positive av-
erage curvature) phase of spacetime [15,44,45).
Besides R and R2, one can also estimate the

lattice analogues of the fluctuations in the local
curvatures

(32)

|
<)XuiWa>

x [< @Y 6h)? > — <23 anin >2{33)
h h

XR =
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and of the fluctuations in the local volumes
1

< Zh. Vh >
x[<(LWP>-<Y W (3
h h

These definitions are completely analogous to the

Xv =

ones previously used in four dimensions [15,16,44,45].

A divergence in the fluctuation is then indicative
of long range correlations (a massless particie).

The results obtained for the average curvature
R are shown for the case ¢ = 0.005 in fig. 6. (Up
to now two values of a, 0.0 and 0.005, have been
studied, and A = 1 was fixed (A sets the overall
scale in the action}. The more accurate results
are for a = 0.005, since the runs were longer, as
described above. The statistical errors in R are
estimated by the usual binning procedure, and
represent one standard deviation). One notices
that as k is varied, the curvature is negative for
sufficiently small &, and appears to go to zero
continuously at some finite value k.. For & > k.
the curvature is really infinite (or very large on a
large lattice), and the simplices tend to collapse
into degenerate configurations with very small
volumes (< Vi > / < I >~ () (this is the
region of the usual weak field expansion (G — 0).
For £ close to, but less than, k. (and A = 1) one
can write

R(k) ~p—i, Ar (ke — k)°
xr(k) ~r-r, Ax (ke = k)°~F (35)

where § is a universal exponent characteristic of
the transition. After performing a simultaneous
fit to R in A, k. and the exponent 6, and using
close to k. the data on the largest lattice avail-
able, one finds the results summarized in Table 1.

A weighted average of all the lattice results gives
the preliminary estimate § = 0.82 & 0.05

For different values of a the curvature vanishes
along some line in the (&, a)-plane, and for suf-

& A'R_ kc 5

T T S e —
0.000 | -16.1(12) | 0.115(5) | 0.85(5)

0.005 | -5.15(23) | 0.162(3) | 0.81(4) |

Table 1

A summary of estimates in 3-d simplicial quantum grav-
ity, of the critical amplitude 4%, the critical point k.
and the critical exponent §, for two values of the higher
derivative coupling a.

ficiently negative @ = ap & —0.0026 the ground
state ceases to exist. This not unexpected, since
for sufficiently negative a the higher derivative
term completely cancels the higher order lattice
correction (proportional to Riemann squared)
present in the Regge action, which is only an
approximation to the pure Einstein action for
small curvatures. It is not any different from the
relationship between ordinary derivatives and fi-
nite difference formulae, and has been discussed
in detail in the quantum field theory context by
Symanzik [52,53]. This phenomenon is already
seen 1n the weak field expansion, which gives the
correct sign and order of magnitude of ag (the
leading higher order correction has a large coef-
ficient O(100) for the Regge action) {47]. Or the
other hand the higher order lattice corrections
to the pure Regge action (a = ) stabilize the
theory, at least for the di? measure.

From the analysis of the curvature fluctua-
tion xyr one obtains similar values for é and k..
In fig. 7 the curvature susceptibility is shown,
again for a = (0.005. A more careful analysis [47]
shows how the curvature fluctuation at the crit-
ical point grows with the size of the system, as
expected from finite size scaling at a continuous
phase transition,

o
Inxr ot " InL (36)

with a/v = d(1 — 6)/(1 + 6). The estimate for
6 obtained from finite size scaling (§.91(8)) is in
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good agreement with the results quoted above,
from R. If on the other hand one computes the
volume susceptibility xv, one finds that it ap-
proaches a finite value at k., suggesting the ab-
sence of critical volume fluctuations. This situa-
tion should be contrasted to the two-dimensional
case, where the volume fluctuations (the Liou-
ville mode) are found to be massless, as expected
from continuum arguments [26], and are similar
to the four-dimensional results, to be discussed
in the next section.

In conclusion, the resuits are consistent with
the picture of a vanishing curvature and a di-
vergent curvature fluctuation, at the same value
of k., and with a well-defined critical exponent.
The existence of a continuous phase transition
suggests the existence of a well defined lattice

continuum iimit in the neighborhood of the crit-
ical point at k..

4. Gravity in Four Dimensions

Classically, simplicial quantum gravity is known

to converge to the continuum theory of gravity
as the lattice spacing is reduced [8-10,16). In
the quantum theory the correspondence is not
so obvious, since there are a number of ambi-
guities both in the continuum and in the lattice
formulation (such as the problem of the mea-
sure discussed before). Furthermore no exact re-
sults are available to compare with, as in two
dimensions. In four dimensions the lattice calcu-
lations are made difficult by the fact that the in-
teractions among edges are complex, since there
are a number of possible terms both in the pure
gravity action and in the measure contribution.
In addition there is a conceptual issue of what
physical quantities (correlations) should be mea-
sured, and for what class of boundary conditions
[3]. Only a small set of these questions have been

addressed up to now, mostly pertaining to an
investigation of the phase diagram and the loca-
tion of possible phase transition points, as first
discussed in (15,16,2].

One of the advantages of the simplicial ap-
proach 18 the fact that the correspondence be-
tween lattice and continuum operators is rather
straightforward. In particular a clear distine-
tion exists in the discrete functional integral be-
tween action and measure contributions. Fur-
thermore the presence of classical gravitational
waves (gravitons) can be shown explicitly in the
context of the weak field expansion in four di-
mensions (8]. Here the emphasis will be on non-
perturbative aspects of simplicial quantum grav-

ity.
4.1. Action and Gravitationel Measure

The discrete analog of the euclidean higher
derivative action in four dimensions reads {14,16]

AH ]

I = Z [)\Vh—kﬁhﬁ.h'l"ib T

hinges h

+%(u—4b) Z Vo Z €n,h!

sitesp  hinges h,h'DJp

idpe 12
Ahéh A}, 5}; ] (37)

x[wh V. — Wh v
hl‘

Here 65 is the deficit angle at a hinge (triangle),
Ap 18 the area of the hinge, and V3 is the vol-
ume associated with that hinge. The numerical
factor ep ns 13 equal to 1 if the two hinges A, &’
have one edge in commeon and —2 if they do not.
The motivations leading to the above discrete
action have been discussed in detail elsewhere

[16], and will not be repeated here. The higher
derivative term proportional to & can be consid-
ered as a regulator, and allows one to establish

contact with results for continuum higher deriva-
tive theories. Matter fields can also be included
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in a rather straightforward way, except possibly
for fermions.

In the classical continuum limit the above ac-

tion is equivalent to the continuum euclidean
higher derivative action

I= /d*zﬁ [ A —g- R+4+b Ry oo RPYP°
+ %(ﬂ - 4b) Cpupg'c#ppﬂ (38)

with a cosmological constant term (proportional
to A), the Einstein-Hilbert term (k/2 = 1/167G
nere, where G is the bare Newton constant),
and two higher derivative terms with dimension-
less coupling constants a=! and 5~1. One could
consider the Einstein action by ifself (which is
not quite the same as the Regge action, due to
the higher order lattice corrections (8,16,47], but
then the euclidean action would be unbounded
from below, unless the edge lengths are restricted
In some way. Furthermore for the pure Einstein
theory the higher derivative terms are generated
anyhow by radiative corrections at one loop [54],
so 1t seems reasonable to include them from the
start. See ref. [55) for some interesting conjec-
tures about perturbatively non-renormalizable
interactions. It is known from perturbation the-
ory that the above extended higher derivative

action leads to a renormalizable and asymptoti-

cally free theory (in a~! and 4~!) in four dimen-
sions {67-59]. For sufficiently large A > 3k2/16b
the euclidean action is also bounded from be-
low, leading to a convergent functional integral.
Due to the complexity of the Weyl term, up to
now only the case a = 4b was considered, which
corresponds to a pure Riemann squared higher
derivative contribution.

In four dimensions the classical continuum
limit is taken by requiring that the local cur-
vature be small on the scale of the local lattice
spacing, which is equivalent to imposing

Andy
Wi

1
< VA (39)

This condifion can be met by having the co-
efficient of the curvature squared terms large;
otherwise the results are expected to depend on
such details as the lattice structure and the lat-
tice transcription of the continuum action. In
the classical continuum limit the above action
1s equivalent to the continuum higher derivative -
action of eqn. (38). Quantum mechanically it is
known that the continuum limit has to be taken
at a phase transition point, i.e. at a non-trivial
fixed point of the rencrmalization group, if one
can be found. At the fixed point the correla-
tion length diverges and the relevant excitations
then extend over many lattice spacings, making
the specific lattice details fade away. To find the
quantum mechanical continuum limit, it might
or might not be necessary to add a large higher
derivative contribution; if a continuous transition
18 found already for small a and ever a = 0, as
seems to be the case, then the quantum contin-
uum hmit might already exist in the pure Regge
theory (¢ = 0). Adding the higher derivative
term proportional to a would then not affect in
any way the continuum limit, which might very
well be independent of a (like in lattice QCD,
where physical low-energy observables are inde-
pendent of the gauge coupling ¢ in the continuum
limit).

As in two and three dimensions, an important
issue that needs to be addressed is the problem
of the gravitational measure. Here we will con-
sider the four-dimensional pure gravity measure
(discussed in the Introduction)

[awdni= 11 [ viragruy o

edges

with 20 = (d — 4)/2d = 0 for the lattice ana-
logue of the DeWitt measure. (In our previous
work [14~16} we had considered the scale invari-
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ant measure dl/{; on the basis of universality one
would expect that physical results shouid not de-
pend on the specific form of the prefactors of the
measure, not on specific short distance details of
the action. This is certainly supported by the re-
sults in two dimensions [26]). On the other hand,
the lattice path integral might not be meaning-
ful though for certain values of o, for which the
measure becomes too singular.

While the cosmological constant term prevents
any of the edge lengths from becoming too long,
the measure plays an important role in avoiding
configurations in which some of the edge lengths
could become very short. In turn this affects the
fluctuations of the action, since for example one
has for the Regge action contribution the bound

20(1 — qa)lZ < < bpAp > < 2xi2 (41)

where g, denotes the number of simplices meet-
Ing at the hinge A, and Iy is of the order of the
average edge length. The presence of an average
edge length induces effectively a cutoff in the cur-
vatures, and thus mimics the effect of a curvature
squared term.

A useful identity can be obtained by consider-
ing the scaling properties of the euclidean path
mntegral (here for the case a = 4b),

Z(\ k,a) = /dp;[ 11e-f11) (42)
Since for the di? measure one has
ko o kR
Z(}‘a k, ﬂ) - (I) Z(TI_T:G) (43)
one obtains the identity
k<6hA5>—2Jh<Vh>+%=0 (44)
0

where Ny and N; denote the number of sites and
edges in the lattice, respectively. This identity
can be useful in verifying the correctness of the
numerical results.

4.2. Phases of 4-d Gravity

It 1s of interest to explore by non-perturba-
tive methods the phase diagram of the lattice
theory described above. In the simulations to be
discussed below the simplicial lattice was chosen
to be regular and built out of rigid hypercubes,
which can be subdivided into simplices by intro-
ducing face diagonals, body diagonal and hyper-
body diagonals. This choice is ciearly not unique,
and is dictated by a criterion of simplicity, with
the advantage that such a lattice can be used to
study rather large systems with little modifica-
tion. The edges are then individually varied (by
moving at random through the lattice), and a
new trial edge length is accepted as usual with
probaﬁ:ility min(l, ezp(—AI)), where Al is the
variation of the action under the change in edge
length. If the triangle inequalities or their higher
dimensional analogues are violated, the new edge
length 1s rejected. In order to compute the vari-
ation in the action under the change of one edge
length, a large number of adjoining triangles and
their deficit angles have to be considered [60].

Mostly lattices of up to size 84 (with 61440
edges) were considered; we have also done some
short runs on 16* lattices (with 983040 edges),
but the results will not be discussed here in de-
tail since the statistics is at this point still rather
low. (The lengths of the runs typically vary be-
tween 30k Metropolis Monte Carlo iterations on
the 2% lattice, 10k iterations on the 4% lattice,
and 1-2k iterations on the 8* lattice. On the 16*
lattice the results are from a few hundred sweeps.
As starting configurations on the larger lattices
duplicated copies of the smaller lattices are used
for each k, allowing for additional equilibration
sweeps after duplicating the lattice). One should
emphasize that at this point the nature of the re-
sults is still rather preliminary. A more detailed
description of the results can be found elsewhere
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[44,46].
As in three dimensions, quantities of physical

interest which can be computed include the av-
erage curvature &

<2%, 6hdn >

< [./§R>
< [/3>

and the average curvature squared R?

R? = < >2 <43 07 AF/Vh >
< Zh Vh -

< [ /G Ruypo R**7° >
~ (46)
< [/7>

Previous studies indicated the presence of a tran-
sition between a 'smooth’ (small negative aver-
age curvature) and a 'rough’ (very large positive
average curvature) phase of spacetime. It is of in-
terest to investigate in greater detail this transi-
tion between the 'smooth’ and the ’rough’ phases
of spacetime. Besides R and R2?, one can also es-
timate the lattice analogues of the fluctuations
in the local curvatures

1

x|< (2;6;,14;;)2 > < 2?5,,11,. >?|(47)

R = <>

(45)

XrR =

and of the fluctuations in the local volumes

1
<2 pVa>

X [< (E W) > -< Z Va ::-3] (48)
h h

Xv =

A divergence in the fluctuation is then indicative
of long range correlations (a massless particle) in
the relevant spin channel.

The results obtained for the average curvature
R are shown, for a = 0.005, A = 1 and for differ-
ent lattice sizes, in fig. 8. (The statistical errors

R (k)

2.5|"'!—!"'I—I""]—l"-l—l—l—|l—l'—l—r—'r—r. Yrp—

=02 -0.1 Q 0.1 0.2 0.3 0.4

Fig. 8. Average curvature R as a function of k, for A =1
and a = 0.005 (dI° measure). The squares refer to L = 4,
and the diamonds to L = 8.

in R are estimated by the usual binning proce-
dure, and represent one standard deviation; one
finds that as long as one does not move too close
to k., the autocorrelations are contained).

One notices that as k is varied, the curvature
appears to go to zero at some finite value k..
Since & is really a microscopic parameter that
gets renormalized by quantum fluctuations, one
should consider also negative values of ¥ (which
do not necessarily imply an attractive renormal-
1zed, effective long-distance coupling constant).
For k close to, but less than, k. (and A = 1) one
can write

R(k) ~r—k, Ar (ke —k)°

XR(k) ~kar, Ay (ke — k)51 - (49)

where ¢ is a universal exponent characteristic of
the transition. Performing a simultaneous fit to
R in Axr, k. and the exponent é, one finds the
results summarized in Table II.

In general the quality of the fits appears to
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0.000 | -40.9(53) | 0.083(9) | 0.57(8)

0.005 0.242(4)
0.020 | -0.725(11) | 0.422(7)
0.100 | -0.077(5) | 1.084(20)

0.60{21)

Table 2

Estimates, for different values of a, of the critical ampli-
tude Ar, the critical point k. and the critical curvature
exponent §.

be quite good. Altogether four values of a were
considered, with five to six values of & for each

a. (The most accurate results with the small-
est errors are for a = 0.005 and 0.02, since for
a = 0.1 the curvature is quite small and more dif-
ficult to measure accurately, while for a = 0 the
fluctuations are significant due to the fact that
one s quite close to the singularity at k& =~ 0,
a &= —0.0011, where the curvature becomes infi-
nite (see below)). A weighted average of all the
4% lattice results gives § = 0.70 + 0.13, while a
weighted average of all the 8% lattice results gives
6 = 0.59 % 0.09. If one combines the results for
the curvature from both lattice sizes before at-
tempting the fits, one obtains é = 0.60+0.08, and
presumably also independent of a as expected
from universality. For different values of a the
curvature vanishes along a line in the (k, a)-plane
which resembles quite closely a parabola

a(k.) = ap+ ay k2 (50)

Assuming this form one finds ag = —0.0011(9)
and a; = 0.083(12). Alternatively one can try to
determine ag by assuming that the average cur-
vature amplitude (close to k.) diverges for small
a like

Ar(a) ~ Ao (a—a0)™° (51)

One finds from the results in Table II a5 =
—0.0011(4) and o = 1.38(5), in good agreement

with the previous estimate for the critical value
an.

The function k.(a) from eqn. (50) appears to
have two branches, and along the negative &
branch one finds that the curvature diverges;
this then would seem to suggest that the cur-
vature has a sharp discontinuity at a = ag and
k = 0, where 1t jumps from zero to infinity. In the
continuum the presence of such a phase transi-
tion line is inferred from the domain of bounded-
ness of the euclidean action. For comparison, in
the continuum one has from the classical action
ag = 0 and a; = 3/4, whereas for example from
the regular tessellation of the sphere ag one gets
to lowest order ap = 0 and a; = 0.4710. Here
instead ap is non-vanishing and negative, as a
result of higher order classical, as well as radia-
tive, corrections, which seem to induce an effec-
tive positive R%-type term, and therefore lead to
a stabilization of the pure Regge action (which
corresponds to a=0). (This latter action is known
to be equivalent to the euclidean Einstein action
only up to higher order lattice corrections, which
in principle can be cﬂmputéd within the frame-
work of the lattice weak field expansion [47]).
One can argue furthermore that since the lat-
tice higher derivative theories we have consid-
ered here (a > 0) and the reflection positive
(62,61] (and therefore unitary) pure Regge the-
ory (a = 0) appear to belong to the same phase,
at least for large enough G, they should give rise
to the same, unitary, lattice quantum continuum
limat.

From the analysis of the curvature fluctuation
XR one obtains simiiar and consistent values for
é and k., but as expected with larger errors, since
the fluctuation is more difficult to compute ac-
curately. In fig. 9 the curvature susceptibility is
shown, again for a = 0.005; other values of a
show a rather similar behavior. The results are
consistent with the picture of a vanishing cur-
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Fig. 9. Curvature fluctuation xn as a function of k, for
the same parameters as in fig. 8.

vature and a divergent curvature fluctuation, at
the same value of k.. (At this point one can-
not entirely exclude a discontinuous (first-order)
transition at k., with a rather small discontinu-
ity. But from our results there is clearly no evi-
dence for such a discontinuous transition). The
results presented above give correctly a negative
sign for the average curvature, which is needed
for ¥ < k. in order to have a positive fluctua-
tion x». Furthermore the average curvature be-
comes complex for k > k., a reflection of the fact
that the theory becomes unstabie in that regime.
The curvature is really infinite (or very large on
a large lattice) in this phase, and the simplices
collapse into degenerate configurations with very
small volumes (< V3 > / < I? >%~ (). This
1s the region of the usual weak field expansion
(G — 0), and it is therefore not surprising that
such an expansion has difficulties in extending
to the region where a sensible path integral for
pure gravity can be defined. A qualitative picture
of the phase diagram for pure gravity with the

Ay ()
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Fig. 10. Volume density fluctuation xy as a function of
k, for the same parameters as in fig. 8.

above lattice action is sketched in fig. 11. The de-
pendence of the critical point k. (for a = 0) and
the critical curvafure exponent & on the dimen-
sion is sketched in figs. 12 and 13, respectively.

If one computes the volume susceptibility j_fv
instead, one finds that it approaches a finite
value at k., suggesting the absence of critical
volume fluctuations. These appear to be desir-
able properties in a quantum theory of gravity,
where the excitations in the continuum are ex-
pected to be massless gravitons, without mass-
less scalar states and without massless volume
density fluctuations. This situation resembles
the three-dimensional case discussed before, and
should be contrasted to the two-dimensional
case, where the volume fluctuations (the Liou-
ville mode) are found to be massless, as expected
from continuum arguments [26].'

The results for the average curvature R are not
inconsistent with known results within the weak

field expansion in the continuum (for small a).
Substituting k~! = 87G, and setting k. = cA?,
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where ¢ is a constant independent of k, and A the
ultraviolet cutoff (here of the order of the average
inverse lattice spacing ~< 12 >~!/2), one obtains
from eqn. (49)

R(G) ~ Az (%)6 i1-cA23-.¢G]£
~ Am (E%)E :1+6cﬂ.2(—81rG)
+6(6; Y (cA?)? (—87G)% 4+ - (ﬁ2)

One can see that R is possibly not analytic at
(* = 0, and an expansion in powers of G involves
Increasingly higher powers of the uitraviolet cut-
off A, as expected from a theory which is not
perturbatively renormalizable in G.

If one assumes that the curvature R has scaling
dimension dr, R ~ m°r, then one obtains from
eqn. (49) and from the definition of the curvature
fluctuation in eqn. (47)

R{k) ~i—i, (AR)® ~ m3r
x=(k) ~k~k, (Ak)* "1 ~ m2dr-d (53)

with Ak = k, — k. Classically one would ex-
pect dg = 2; here instead dg = d§/(1 + §) and
m ~ (Ak)Y with v = (6§ +1)/d = 0.40 = 0.02.
(The same result is found alternatively by setting
the action filuctuation, or specific heat, exponent
a=2—dy=25§-1, since the average curvature
represenis one of the contributions to the aver-
age action). Therefore in this model the average

curvature appears to be related to a dynamical
‘'graviton mass’ via

R(k) ~ mdé/(1+8) (54)

Only at k. do both the curvature and the 'gravi-
ton mass’ vanish. Away from k. the size of this
mass 1s related to the average curvature of the
‘universe’ via the above equation.

It would appear that close to the transition one
1s dealing with two rather different length scales.

One can define first a length scale Ry associated
exclusively with the space-time average of the
curvature, and therefore related to some average
curvature radius,

L

(22&6,&.&};} . 1 4/\
<, V> - IR (k)m (55)

and the choice of sign depends on whether the
average curvature 1s positive or negative. As one
approaches the fixed point at k., this length scale
becomes very large. Naturally another length
scale M ' can then be associated with the aver-
age volume (per hinge or per site)

Efvh - %1;' At (%6)
Close to and below the critical point this particu-
lar combination approaches some constant value.
Therefore the results suggest that one is dealing
simultaneously with a very large (Ry) and a very
small (Mg ') length scale, associated with the
curvature and density of the 'universe’, respec-
tively. On the lattice, which has a finite cutoff
built in, it makes only sense to compute dimen-
stonless ratios like

1 4
HoMy ~ (F)ﬂ"f ;:t,(

k. — k)2 (57)

As k approaches the fixed point k., this quantity
vanishes with a power 26 (in agreement with the
observed fact that the renormalized cosmological
constant is very small, once it is expressed in the
appropriate units). The renormalized cosmolog-
ical constant can be made very small, and here
it is simply a consequence of the fact that the
curvature 18 small in units of the average volume
per site, and as long as one does not cross over
into the ‘rough’ phase of gravity (k¥ > k.). There
no sensible ground state seems to exast, at least
within the context of this model.

Still it would be more desirable if one could

compute the effective, renormalized Newton’s
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Fig. 11. Phase diagram for pure 4-d simplicial quantum gravity with a higher derivative coupling a (for fixed A = 1).
The curve represents an estimate for the phase transition line a(k:), where the curvature fluctuations diverge, and which

separates the 'smooth' from the 'rough’ phase of gravity.

constant directly. In order to achieve this goal
some correlations at fixed geodesic distance have

to be computed, a notoriously difficult task [16,2).

As a step in this direction one can compute
both the edge-edge and curvature-curvature .con-
nected correlation functions at fixed geodesic dis-
tance d, and close to the critical point at k.,
where one expects the power-law decay

GMd) = <i2(d) 13(0) >,

N 2.2 =0 G
d—m<! g Tﬁﬁ 4r2d?

< baAu(d) 85A5(0) >,

~ 2 .2 R) Cr
<P T Yoo (58)

Gap (d)

Here the indices &, label the edges and hinges
(triangles) within a hypercube respectively; on
the specific simplicial lattice we are considering
Gﬂ(d) 18 a 15 x 15 matrix for each d, while
GU2(d) is a 50 x 50 matrix.

In general the above correlations will contain

possibly particles of different spin (0,1,2,..), but
only the lightest (massless) state with spin two
should dominate at large distances. Therefore
one expects that the largest eigenvalue Ju,(.,!;),_-,(d)
of the edge-edge correlation matrix Gg?s(d) will
decay like 1/d? for large geodesic distance d. The
quantity C} = 47:2d2,\$,i’.,,(d) should approach a
constant, which can be taken as a possible defi-
nition of the effective Newton's constant in units
of the ultraviolet cutoff, 1/k.;; = 82G.;p; = Cl.

It would seem from our results that this quan-
tity tends to a finite value as & tends to k.. For
example, from the edge-edge correlations up to
about geodesic distance 8 on the 16 lattice, and
for a = 0.005 and ¥ = k. = 0.239, one finds
1/kesy ~ C; =~ 3.85, which is quite close to
the bare value 1/k =~ 4.18. More generally it

would seem that the average curvature in units
of the ultraviolet cutoff tends to zero (in the way
described before) as one approaches the fixed
point, while the effective Newton’s constant ap-
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1 4. y R T—

H{d} = BaG.(d)
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Fig. 12. Critical point k. = 1/87xG., as a function of
the space-time dimension d, for the pure Regge action
(a = 0}, and for A = 1. The numerical lattice results for

d = 3 and d = 4 are shown, together with the result
kTl =0ford=2.

proaches some finite value which is of the same
order as the cutoff. Alternatively one could deter-
mine 1/k.sy by computing the analogues of Wil-
son loops, which involve the determination of the
dependence of the deficit angle associated with
a large loop on its physical perimeter length.

It 1s of interest to explore other correlations,
which are of a purely geometric nature. One finds
that some of the geometric properties of the dis-
crete simplicial manifold are close to being eu-
clidean. As an example we have considered how
the number of points within geodesic distance d
and d 4+ Ad scales with the geodesic distance it-
self. This quantity is equivalent, up to a constant
which depends on the average lattice spacing, to
the physical three-volume within geodesics dis-
tance d and d+ Ad. In practice the geodesic dis-
tance between two arbitrary points on the simpli-
cial lattice can be determined from a fixed con-

2.0 ——————— — _
1.5 | -
= ot -
-y
0.5 F ]
0.0 FE——m— - ' *
2.0 2.5 3.0 35 4.0
d

Fig. 13, Critical exponent § as a function of the space-
time dimension d. The numerical lattice results for d = 3
and 4 are shown, together with the 2 4- ¢ result {56], 6 ~
2]e.

figuration of edge lengths by selecting, among
all the possible random walks between the two
points which are less than some cutoff length
(= 2L), the one with the shortest length. One
finds for the small distances considered up to
now (d < 8v<I?> = 16), which correspond
therefore to only a few lattice spacings,

Nd) ~ d av (59)

with dy, & 3.4, which is roughly consistent with
the flat space value of three.

Many questions have remained open. It would
be of interest to investigate how our results de-
pend on a for even large values, and complete
the picture for the phase diagram for pure grav-
ity. The sensitivity of the results on the measure
should be explored further. It would also be of
interest to investigate these questions in the pres-
ence of matter fields, as well as for surfaces with
boundaries. While there are indications that the
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excitations which becormne massless at the critical
point correspond to shear waves, it would seem
important to un-ambiguously determine the na-
ture the spin of the lowest state, which should
correspond to a graviton (work in this direction
is 1n progress). Finally it would be of interest to
reproduce some of the above results in the con-

text of a model for lattice gravity based not on

a regular lattice with fixed coordination number
as we have done here, but instead on a random
simplicial lattice. This would provide further evi-
dence that one is dealing with the correct contin-
uum theory. Other models for quantum gravity

in four dimensions based on regular lattices are
discussed in [63-65] and in [66].

5. Conclusions

In the preceding sections we have discussed re-
sults relevant for a model of simplicial quantum
gravity, based on Regge’s model. It is charac-
teristic of our model that the variations in the
geometry of space are described by fluctuating
edge lengths on a lattice with fixed coordination
number,

In two dimensions we have investigated in de-
tail how the results for critical properties depend
on what are expected to be irrelevant (R2-type)
terms, as well as on the form of the gravitatio-
nal measure. In the case of pure gravity we have
computed the string susceptibililty exponent 7,
for both the torus and the sphere, and found
good agreement with the expected exact answers
from conformal field theory. For the torus we
have computed critical properties of the Liouville
field, which corresponds to area density fluctua-
tions on the lattice, and found them to be in com-
plete agreement with the expectation that the
Liouville field behaves like a free massiess field
for A — A.. By adding a D-component scalaz

field to the model, we have been able to compute
the average < ¢ >, and therefore make contact
with results on models of random surfaces. These
predict an infinite fractal dimension for the sur-
face, at least in the absence of extrinsic curvature
terms. We found that for the torus the fractal di-
mension is indeed infinite for D = 0, 1 and 2. For
srnall D our results seem to be insensitive, within
some range of parameters, to the presence of an
R?-type term in the action or to the detailed
form of the measure. We have argued that for
sufficiently singular measures though, the trian-
gulation wiil tend to collapse into a degenerate
configuration of edges, and this phenomenon is
clearly seen for a sufficiently negative measure
parameter o, even at D = 0 (pure gravity). For
larger D one sometimes finds a phase transitions
to a branched polymer phase (with a correct frac-
tal dimension of four), depending on the specific
form of the gravitational measure used. We have
sketched what we believe is the phase diagram
for our model of 2-d gravity.

In three dimensions the action becomes less
trivial due to the influence of the Regge-Einstein
term. A higher derivative term was also in-
cluded as a regulator, together with the cos-
mological constant term. A transition between
a ‘smooth’ and a 'rough’ phase of pure gravity
was found. The transition is a continuous one if
approached from the smooth phase (small k or
large G), which has negative average curvature.
The critical exponents were estimated, and it ap-
pears that at the point where the average curva-
ture vamshes, the curvature fluctuations diverge,
leading to a well defined lattice continuum limit.
The resuits are very different from two dimen-
sions (where fluctuations in the volume diverge
instead) and resemble somewhat more the four-
dimensional case.

In four dimensions we have studied in some
detall a model for pure lattice gravity, with a
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higher derivative term acting as a regulator. In
our earlier work we had found on smal] ]attices
a sharp transition between a ’smooth’ and a
'rough’ phase of gravity. The detailed nature of
the transition had remained unclear. Arguments
in the continuum suggest that such a transition
should appear above two dimensions. The results
on the phase transition have now been extended
to the 'DeWitt’ measure (as well as to much
larger lattices), and it appears that the transi-
tion is a continuous one if approached from the
smooth phase (small ¥ or large ¢¢), which has
a negative average curvature. We have argued
that the usual weak field expansion on the other
hand starts out in what has been described here
as the 'rough’ phase, and for which there appears
to be no sensible definition for the path integral,
in the sense that the curvatures are infinite and
the volumes are zero, in units of the average edge
length.

We have computed critical exponents associ-
ated with what appears to be a non-trivial fixed
point for euclidean gravity, and have shown that
at the point where the average curvature van-
1shes, the curvature fluctuations diverge. This
implies that a quantum continuum limit exists
in the neighborhood of the critical point. It is a
non-trivial resuit that the curvature, in spite of
the fact that it is in general non-zero, vanishes
at the critical point (instead of approaching some
fimte value), and suggests that in the quantum
continuum limit spacetime becomes close to flat
ol the average in this model.

Many questions have remained open. It would
be of interest to investigate how the results de-
pend on the coupling a and the choice of mea-
sure, and complete the picture for the phase di-
agram for pure gravity. For larger a one expects
that the transition will move to larger values of
k. Universality of the continuum limit would sug-
gest that the results for exponents and other in-

frared sensitive quanfifies should not be affected.
It would also be of interest to investigate these
questions in the presence of matter fields, as well
as for surfaces with boundaries.
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