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ABSTRACT

Results for the gravitational Wilson loop, in particular the area law for large loops in the strong
coupling region, and the argument for an effective positive cosmological constant, discussed in a
previous paper, are extended to other proposed theories of discrete quantum gravity in the strong
coupling limit. We argue that the area law is a generic feature of almost all non-perturbative lattice
formulations, for sufficiently strong gravitational coupling. The effects on gravitational Wilson loops
of the inclusion of various types of light matter coupled to lattice quantum gravity are discussed as
well. One finds that significant modifications to the area law can only arise from extremely light
matter particles. The paper ends with some general comments on possible physically observable

consequences.



1 Introduction

The identification of possible observables is an important part of formulating a theory of quantum
gravity. In general it is expected that these quantum observables will be represented by expectation
values of operators which have physical interpretations in the context of a manifestly covariant
formulation. In this paper, we focus on the gravitational analog of the Wilson loop [1,2], which
provides physical information about the parallel transport of vectors, and therefore on the effective
curvature, around large, near-planar loops. We will extend the analysis of earlier work [3, 4] to more
general theories of discrete quantum gravity. A recent complementary discussion of the significance
of physical observables in a quantum theory of gravity can be found for example in [5].

In classical gravity the parallel transport of a coordinate vector around a closed loop is described
by a rotation, which is a given function of the affine connection along the space-time path. Then
the total rotation matrix U(C) is given by the path-ordered (P) exponential of the integral of the

affine connection I‘f‘w via

Us(C) = [P exp{ﬁathcf')\_d:v’\}]aﬂ . (1)

The gravitational Wilson loop then represents naturally a quantum average of a suitable trace (or
contraction) of the above non-local operator, as described in detail in [3]. Its large distance (i.e. for
loops whose size is very large compared to the lattice cutoff) behavior can be estimated, provided
one makes some suitable assumptions about the short distance fluctuations of the underlying geom-
etry, with the key assumption being the use of a Haar integration measure for the local rotations at
strong coupling. A general result then emerges, which is that the Wilson loop generically exhibits
an area law for sufficiently strong gravitational coupling (large G) and near-planar loops [3,4]. It
should be noted here that in contrast to gauge theories, the Wilson loop in quantum gravity [6]
does not provide useful information on the static potential, which is obtained instead from the
correlation between particle world-lines [7,8]. Instrumental in deriving the results of [3] was the
first order Regge lattice [9] formulation of gravity, discussed originally in [10].

Furthermore, from a semi-classical point of view, a vector’s rotation around a large macroscopic
loop is expected to be directly related, by Stoke’s theorem, to some sort of average curvature

enclosed by the loop. In this semi-classical picture one would write for the rotation matrix U

Uaﬁ(C) ~ [exp {% /S(c) R'.WA’éV }]o‘ﬁ : (2)



where A7) is the usual area bivector associated with the loop in question,

A 1 j{ dot ¥ (3)

The use of semi-classical arguments in relating the above rotation matrix U(C) to the surface inte-
gral of the Riemann tensor assumes (as is usual in the classical context) that the curvature is slowly
varying on the scale of the very large loop. Then, in such a semi-classical description of the parallel
transport process, one can re-express the connection in terms of a suitable coarse-grained, or semi-
classical, Riemann tensor, and thus relate the quantum Wilson loop expectation value discussed
previously to an observable large scale curvature. The latter is represented phenomenologically by
the long distance, observed cosmological constant Agp;.

It is important in this context to note, as an underlying theme, the close analogy between
the Wilson loop in gravity and the one in gauge theories, both theories involving a connection
as a fundamental entity. Furthermore, a lot is known about the behavior of the Wilson loop in
non-abelian gauge theories at strong coupling, some of it from analytical estimates and some from
large-scale numerical simulations. Let us recall that in non-Abelian gauge theories, the Wilson loop

expectation value for a closed planar loop C is defined by [1]
W(C) = < ﬁpexp{igf Ay(z)det} > | (4)
c

with A, =1, Af and the t,’s the group generators of SU(N) in the fundamental representation. In
the pure gauge theory at strong coupling [1,2], it is easy to show that the leading contribution to

the Wilson loop follows an area law for sufficiently large loops
<W(C)> ~ exp(—Ac/E?) (5)
A— 0

where A¢ is the minimal area spanned by the planar loop C' and ¢ the gauge field correlation
length. Furthermore, it can be shown that the area law is fairly universal at strong coupling, in
the sense that it is not too sensitive to specific short distance details of the SU (N )-invariant lattice
action. Indeed one expects the result of Eq. (5) to have universal validity in the lattice continuum
limit, the latter being taken in the vicinity of the ultraviolet fixed point at gauge coupling g = 0.
The fundamental renormalization group invariant quantity £ appearing in Eq. (5) represents
the gauge field correlation length, defined for example from the exponential decay of connected

Euclidean correlations of two infinitesimal loops separated by a distance |z,

Gole) = < TrPexplig }[C A, (e da} (@) TrP exp{ig fc A d"Y(0) > . (6)



Here the C.’s are two infinitesimal loops centered around x and 0 respectively, suitably defined on
the lattice as elementary square loops, and for which one has at sufficiently large separations

Golw) |~ exp(-lal/e) - (7
Thus the inverse of the correlation length ¢ is seen to correspond, via the Lehmann representation,
to the lowest gauge invariant mass excitation in the gauge theory, the scalar glueball.

Through the renormalization group £ is related to the §- function of Yang-Mills theories, with
¢ the renormalization group invariant obtained from integrating the Callan-Symanzik g-function,

!
¢ '(g) = const. A exp (— /g %) , (8)
with A the ultraviolet cutoff, so that £ is then identified with the invariant gauge correlation length
appearing in Egs. (5) and (7).

In an earlier paper [3], we adapted the gauge definition of the Wilson loop to the gravitational
case, specifically to the case of lattice gravity, and in the context of the discretization scheme due
to Regge [9]. On the lattice, with each neighboring pair of simplices s,s + 1 one can associate a
Lorentz transformation U* (s,s + 1), which describes how a given vector V# transforms between
the local coordinate systems in these two simplices. This transformation is directly related to the
continuum path-ordered (P) exponential of the integral of the local affine connection, with the
connection here having support only on the common interface between two simplices. The lattice
action itself only contains contributions from infinitesimal loops, but more generally one might
want to consider near-planar, but non-infinitesimal, closed loops C. Along this closed loop the
overall rotation matrix will be given by

vt (C) = [II Ussn]” - 9)
sCC
In analogy with the infinitesimal loop case, one would like to state that for the overall rotation
matrix one has

UU

v

(©) ~ [eﬁ(C)B(C))]“ : (10)

v
where B, (C) is now an area bivector perpendicular to the loop and §(C) the corresponding
deficit angle, which will work only if the loop is close to planar so that By, can be taken to be
approximately constant along the path C. By a near-planar loop around the point P, we mean one
that is constructed by drawing outgoing geodesics on a plane through P.

The matrix U¥,(C) in Eq. (9) then describes the parallel transport of a vector round the loop

C. If that is true, then one can define an appropriate coordinate scalar by contracting the above



rotation matrix U(C) with an appropriate bivector, namely
W(C) = was(C) U*(0) (11)

where the bivector, wyg(C), is intended as being representative of the overall geometric features of
the loop (for example, it can be taken as an average of the hinge bivector w,s(h) along the loop).
Finally, in the quantum theory one is interested in the quantum average or vacuum expectation
value of the above loop operator W (C), as in the gauge theory expression of Eq. (4).

The next step is to relate the so defined, and computed, quantum average to physical observable
properties of the manifold. Indeed for any continuum manifold one can define locally the parallel
transport of a vector around a near-planar loop C. Then parallel transporting a vector around
a closed loop represents a suitable operational way of detecting curvature locally. Thus a direct
calculation of the vacuum expectation of the quantum Wilson loop provides a way of determining
an effective curvature at large distance scales, even in the case where short distance fluctuations in
the metric may be significant.

For calculational convenience, the actual computation of the quantum gravitational Wilson loop
in [3] was achieved by using a slight variant of Regge calculus, where the contribution to the action

from the hinge h is given not by the original Regge expression
Sp = —k Ap op (12)

with k = 1/87 G, but instead by the modified form

Sho= 2 An ul(By + 1) (Uy - U] (13)
where Ay, is the area of the triangular hinge where the curvature is located, By, (called Uy, in [3,4])
is a bivector orthogonal to the hinge, € is an arbitrary multiple of the unit matrix and Uy the
product of rotation matrices relating the coordinate frames in the 4-simplices around the hinge.
The motivation for this second choice was that analytical calculations could then be performed
more easily in the strong coupling regime, using methods analogous to the ones used successfully

for gauge theories [1,2]. Indeed it can be shown [3] that this second action contribution is equal to
Sh = —k Ah Sin((sh) , (14)

independently of the parameter ¢, where d; is the deficit angle at the hinge. For small deficit

angles one expects this to be a good approximation to the standard Regge action, and general



universality arguments would suggest that the lattice continuum be the same in the two theories.

The expectation values of gravitational Wilson loops were then defined by either
<W(QC)>=< tr(U1 U3 ... U,) >, (15)

or

<W({C)>=< tr[(Bc + €I,) Uy Us ... ... U >, (16)

where the U;s are the rotation matrices along the path, and, in (ii), B¢ is a suitable average
direction bivector for the loop C, which is assumed to be near-planar. The values of < W > in the
strong coupling regime (i.e. for small k) can then be calculated for a number of loops, including
some containing internal plaquettes. It was found that for large near planar loops around n hinges,
to lowest non-trivial order (i.e. corresponding to a tiling of the interior of the loop by a minimal

surface),

kA\"
<W>= <E> e [p+ qel? (17)

where a + 8 = n, and A is the average area of the plaquettes. Then using n = Ac/A, where A is

the area of the loop, the area-dependent first factor can be written as
exp| (Ac/A) log(k A/16)] = exp (- Ac/E?) (18)

where we have set & = [A/|log(k A/16)|]'/?. Recall that for strong coupling, k — 0, so & is real,
and that the quantity £ is in principle defined independently of the expectation value of the Wilson
loop, through the correlation of suitable local invariant operators at a fixed geodesic distance.
In the following we shall assume, in analogy to what is known to happen in non-abelian gauge
theories, that even though the above form for the Wilson loop was derived in the extreme strong
coupling limit, it will remain valid throughout the whole strong coupling phase and all the way up
to the non-trivial ultraviolet fixed point, with the correlation length & — co the only relevant and
universal length scale in the vicinity of the fixed point.

The next step was to interpret the result in semi-classical terms. By the use of Stokes’s theorem,
the parallel transport of a vector round a large loop depends on the exponential of a suitably-
coarse-grained Riemann tensor over the loop. So by comparing linear terms in the expansion of
this expression with the corresponding term in the expression of the area law, one can show [3]
that the average curvature is of order 1/£2, at least in the strong coupling limit. Since the scaled
cosmological constant is a measure of the intrinsic curvature of the vacuum, this also suggests that

the cosmological constant is positive, and that the manifold is de Sitter at large distances.



The question now arises as to whether these results are peculiar to the particular formulation
of discrete gravity used. This led to a study of other proposed formulations, most of which were
written down more than twenty years ago. In this work we will show that where it seems possible
to define and calculate gravitational Wilson loops, the same area law emerges, and automatically
implies a positive cosmological constant.

Another key question we will address is whether these results are affected in any way by the
presence of matter. After all the universe is not devoid of matter, and the pure gravity results
should only be considered as a first order approximation to the full quantum theory (in a spirit
similar to the quenched approximation in non-abelian gauge theories). This will be discussed here
again in the context of the Regge formulation of discrete gravity used in [3], using the methods of
coupling matter to gravity reviewed for example in [4].

An outline of the paper is as follows. In Section 2, we describe formulations of Einstein gravity
as a gauge theory on a flat background lattice, and in Section 3, the MacDowell-Mansouri descrip-
tion of de Sitter gravity, as transcribed onto a flat background lattice by Smolin. More recent
developments of discrete gravity, spin foam models, are discussed briefly in Section 4, and Section
5 contains mention of other relevant theories. We then turn to the effect of matter couplings on
the gravitational Wilson loop results, and Sections 6, 7, 8 and 9 contain systematic discussions of
scalar matter, fermions, gauge fields and the lattice gravitino. Regarding these matter fields, the
main conclusion is that the previous results are not affected, unless there are near massless spin
1/2 and spin 3/2 particles (i.e. whose mass is comparable to the exceedingly small gravitational

scale ¢71). Section 10 consists of some conclusions.

2 Gauge-theoretical treatment of Einstein gravity on a flat back-
ground lattice

We will first look at formulations of Finstein gravity as a gauge theory on a flat hypercubical
background lattice, and in particular expand on the work of Mannion and Taylor [11] and of
Kondo [12]. In these cases, the standard machinery for calculating Wilson loops in lattice gauge
theories [2] can be taken over without too many modifications. Although such formulations were
not the first chronologically of those we consider in this paper, we treat them first because they are,
in many respects, the simplest. The idea is to write Einstein gravity in four dimensions, without

cosmological constant, on a flat background lattice, treating it as a gauge theory with gauge group



SL(2,C), and relating it to the Einstein-Cartan formalism. In fact, for simplicity, we shall consider
a Euclidean version, replacing SL(2,C) by SO(4).
In the following nearest neighbor sites are labelled by n and n + u, and their frames are related
by
U(n) = exp(idy(n) = Upu(n+ )", (19)
where
A(n) = Ya Asb(n) Sy (20)
with a the lattice spacing and S,p the O(4) generators, represented by the 4 x 4 matrices
i

Sap = 4 [’Yaa’)’b] ) (21)

with the Euclidean gamma matrices, vy, satisfying

{'Yaa’Yb} = 25111)’ 7(11: = Ya» a = ]-a 74 (22)

The curvature round an elementary plaquette spanned by the 1 and v directions is given as usual

by
U (n) = Up(n)Uy(n+ p)U—p(n + p+ v)U—p(n+v) = Up(m)Uy (0 + w)Uu(n +v) " U, (n) 7, (23)
and it can be shown that in the limit of small lattice spacing,
Uw(n) = exp(ia’R,,), (24)
where
Ry, =0,A, —0,A, +i[ALA)] . (25)

One notices that the usual lattice gauge theory type action, consisting of sums of Uy, terms, would

a

¢(n) and the matrix

give an R, R* term in the limit of small a, so terms involving the vierbein e

Y5 = Y1273+ have to be introduced. One defines

Y. € talys Bx(n) U (n) Bo (n)] (26)

16 K2
T, 0, V5,0

where E,(n) = aef, 7, and & is the Planck length in suitable units. It can then be shown that

4
=13 > €M eapea R (n) €5 (n) e (n) + O(a®), (27)
NP W/

which is the Einstein action in first order form [13]. Furthermore by construction the action is
invariant under local O(4) rotations. For reasons which will become apparent, we shall consider a
symmetrized form of the action: for each plaquette, rather than having the E,vsF) term inserted

only at the base point, we shall consider the average of its insertion at all vertices of the plaquette.
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e

Figure 1. Tllustration of the gravitational analog of the Wilson loop. A vector is parallel-transported along
the larger outer loop. The enclosed minimal surface is tiled with parallel transport polygons, here chosen
to be triangles for illustrative purposes. For each link of the dual lattice, the elementary parallel transport

matrices U(s, s') are represented by arrows.

In the following the partition function is defined by the usual path integral expression
7 = [aAaE) exp(-5), (25)

where [dA] =[], , duUyu(n), [dE] =[], \dEx(n), and dgU is the Haar measure on SO(4).

Figure 2. A parallel transport loop, spanned by the v and ¢ directions, with four oriented links on the
boundary. The parallel transport matrices U along the links, represented here by arrows, appear in pairs

and are sequentially integrated over using the uniform measure.

Our interest here is in the definition and evaluation of Wilson loops in the strong coupling expansion.
The authors of Ref. [11] define the loop around one plaquette, spanned by the v and § directions
(see Fig. 2), by

W = [[ € Tx[Ex(n)Us,(n)Ee(n)] , (29)
K,



and so

<W>= J1a41idm) T] &7 B () Us, (0) Beln)] exp(~5) - (30)
23

They go on to show that in the strong coupling expansion, the dominant term is proportional to

g

<W>= / [dE] 77 5% ¢y 8 el e b (31)

where there is no sum over v and 6. Now suppose that v = 1, = 2. Then the sum over A and o

leads to
s t _a _b 32
€abst €3€4 €3 €4 (32)

which is zero on symmetry grounds. Therefore their definition needs some modification, or one
has to go to higher orders in the strong coupling expansion. In the latter case, it is possible to
get a nonzero contribution by going to order 1/k%, but here we concentrate on the first possibility.
Omitting the Es from W also gives zero for < W >, so the modification we make is to insert a 5

into W. The lowest order contribution is then

1
16K2

61,4

= o3 / [dA][dE] > 75 Tr[ys v, Us(n) Uy(n + 8) Us(n+ )~ Uy(n) ™ ]
Kok

X3 €A Talys g U () Uy (0 + ) Up(n! +v) " UL (") ™! ] e (n) ek (n) €5 () b (n)
[N TRIDW)

/ [dANAE] Y € Tr[ys Ex(n) Usy () Be(n)] Y. € Tr[ys EA(n') U (n') Eo (n')]
23 n' ,u, v\, p

(33)

The integration over the As is equivalent to the integration over U’s in SO(4) with the Haar

measure:

1

/dHU Uij Uk_ll = 1 il 5jk7 (34)
and we obtain
o
gt [ 19813 7 e (o) e (o)) o) (35)
K o
Now we compute
Tr['}'d'75'70'7b'75'7a] =4 (5ab5cd — OacObd — 5ad5bc)a (36)
and, using
Gor = iG'Q Tr(vas) e()l\eg =a’ dab ea,\ 62 ) (37)

10



we obtain
1

162 / [dE] Y € e (g3 00k — rero — Ianbes) - (38)

KENO

Suppose that v = 1,§ = 2, then the sum over the indices in the €’s and ¢’s gives

4 (g3 — 933 94) - (39)

We expand the metrics in terms of the vierbeins and define the measure of integration to include

a damping factor (/\c12/7r)8 exp[—Aa®%y ,(eh,)?] at each point, with ReX > 0 [14], obtaining

3

 4K2)\2 (40)

(Note that we are ignoring a possible factor of the determinant of the vierbein in the measure.)

U, u,™
A
A B
U, > > U,
L Ut
U, D C 3
A
U4 U4_1

Figure 3. A vertex where various parallel transport matrices enter and leave, and where there are insertions

on their paths.

Before considering larger loops, let us obtain an algorithm which simplifies the calculations con-
siderably. Consider a vertex with the matrices A4, B, C, D attached to it, and U-matrices attached

to the lines entering and leaving the vertex, as shown in Fig. 3. Integration over the Us of the

expression
(U1)ab Ave (U2)ea (U Nes Brg (Us)gn (Us )ij Cik (Us)ki (Ui mn Dro (U )op (41)
gives
1
A Tr(ABCD) 64e Ohi 6im Opa - (42)
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We see that the effect of the integration is to give a factor of i for each U, and to give the trace
of the product of factors at each vertex. For a vertex with no insertion, we obtain the trace of the
identity matrix, 4, and for one insertion of E+sFE, the value is zero since it is traceless. For two
insertions of Evy5E, we obtain 12/)\2, where the integration over the Es has been done. Recall that
there is also a factor of —1/16x2 for each plaquette, corresponding to the relevant terms in the
expansion of the exponential of minus the action. This means that within our loop, if it is to have
a nonzero value, every vertex must have either no EvysFE factors or two of them. This is why we
took the average of insertions at all vertices of the plaquettes in the action; it would be impossible
to get non-zero contribution from the internal plaquettes otherwise.

Before proceeding with the calculations, let us mention an alternative to the procedure of
averaging the contribution of the action from a plaquette over its vertices, a possibility, similar to
the procedure in [3]. If we replace -5 by 75+ €l4 for some arbitrary parameter e, the continuum limit
of the action acquires a term proportional to e*¥ )‘”R“,,)\U, which is zero because of the symmetries
of the Riemann tensor, so the action is unaltered. However, the value of the Wilson loop is still
zero, not because of the traces but because of factors of the Kronecker delta, which give zero on

symmetry grounds.

Figure 4. A parallel transport loop around two plaquettes, with insertions of E+vsE on the loop shown by

large dots.

For a loop around two plaquettes, we find that we obtain a nonzero value only if the EysFE is
inserted at the place where the loop meets the second plaquette (see Fig. 4). The value of < W >

is then

i (ﬁy . (43)

12



Figure 5. A larger parallel transport loop with twelve oriented links on the boundary. As before, the parallel
transport matrices along the links appear in pairs and are sequentially integrated over using the uniform
measure. The new ingredient in this configuration is an elementary loop at the center not touching the

boundary. As in Fig. 4, the insertions of Ev5FE on the loop are shown by large dots.

For a loop around many plaquettes, we choose to insert the factors of Ey5F in the loop wherever
the loop meets a new plaquette. For a loop with internal plaquettes, there has to be an even number
of internal plaquettes as the insertions need to be paired between them. (For example, see the loop
around nine plaquettes in Fig. 5; there is no way the insertions on the one internal plaquette can
give a nonzero value.) This means that we obtain nonzero values only for Wilson loops surrounding
an even number of plaquettes; the simplest case, with twelve plaquettes, is shown in Fig. 6. There
are two ways of getting nonzero values from the internal plaquettes, corresponding to pairings of
the insertions at the two vertices they have in common, which gives a factor of 2 in the answer,

which, when integrated over the vierbeins, is

22 12
A (3T (44)
4116 \ 4K2\2
Larger loops can then be treated in a similar way. From the results obtained so far, we deduce
that, as the authors of [11] claimed, there is indeed an area law for large Wilson loops. The

physical interpretation is of course very different, as discussed in the introduction, and later in the

conclusions.
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Figure 6. A Wilson loop around twelve plaquettes, of which two are internal, with the insertions of EvysE

on the loop shown by large dots as before.

We now consider briefly the work of Kondo [12]. His basic formalism is very similar to that
of [11], except that rather than introducing the vierbeins into the action directly, he introduces

exponentials of them, with the action

S=-pm X @ Tl () Hy(m)Hy(n)] (45)
[NTRYD W]
where
H,(n) = expliaeg(n)ya] - (46)

This has the consequence that the action is bounded. (The minus sign, which appears different
from the sign in the formalism of [11], is because of the different relative position of the 75 factor.)
In practice, in calculations, it is impossible to work out traces without expanding the exponentials
and retaining the lowest order terms in the lattice spacing, so the formalism reduces to that of
[11] in this respect, and the same values are obtained for the Wilson loops. (We have checked that
the lowest order contribution comes from the product of the linear terms in the expansions of the
exponentials.) However, Kondo also aims to set up a formalism which has reflection positivity, so
his action contains sums over reflections, and if this full action is used, it is very complicated to
evaluate Wilson loops.

Note that this method of averaging the action contribution of each plaquette over the vertices
of the plaquette needs to be used here, and could also be used in [3], eliminating the necessity for

introducing the parameter e.
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3 Lattice formulation of MacDowell-Mansouri gravity

An earlier version of lattice gravity was given by Smolin [15], who transcribed the MacDowell and
Mansouri [16] formulation of general relativity onto a flat background lattice. MacDowell and

Mansouri built a gauge theory by defining ten (antisymmetric) gauge potentials by

[y

Azb — wab A5a _ - (47)

a
wo l €u >
where wﬁb and e); are the usual gravitational connection and vierbein, and [ is a lattice spacing.
The curvature and torsion are defined in terms of the gauge potentials, and the action is of the

form

S = / diz €77 ¢peq R REL (48)

where RZI,’, is the Riemann tensor for O(3,2) or O(4,1). This can be shown to be equivalent, after

multiplication by F1/32I%/k2, with x the bare Planck length, to

2
S = /d4 l 392 e eabcdRoab ROCd—i- —eRO el (49)

2k? K212

where Rg%b is the usual Riemann curvature tensor. The first term is a topological invariant, the
Gauss-Bonnet term, while the second and third are obviously the Einstein term and the cosmological
constant term respectively, with a scaled cosmological constant A\ = 4+2/k?I%. Note that in this
formulation the relative coefficients of various action contributions are fixed in terms of the bare
parameter x and [.

Then the starting point in [15] is the continuum action
1
S=F / d*z e RAP REP ¢y pops | (50)

where Rﬁf is the curvature associated with an O(4,1) (minus sign) or O(3,2) (plus sign) gauge
connection, e4pcps is the totally antisymmetric 5-tensor and ¢ = v/32 k/1 a dimensionless coupling

constant. The parallel transport operators along the links of the lattice are defined by

Uu(n) = Pexp |3 n+ud P AAB
i = P |39 LA, () Ta| , (51)

where the T4P are matrix representations of the relevant Lie algebra. Then the curvature around
a plaquette on a hypercubic lattice, Uy, (n), is identical to the definition of Mannion and Taylor

[11] [ Eq. (23) ], and this is related to the curvature by
1 [Uw(n)lij = a’g R)\? (Tap)i; + O(a®). (52)

15



The continuum action is then transcribed onto the lattice as

1 .
S=F 9_2 Z eHPo ¢Hikls [UIW(n)]ij [Upa(n)]kl €ABCDS5 - (53)

It involves a sum over contributions from perpendicular plaquettes at each lattice vertex, in analogy
to the construction of the FF' term in non-abelian gauge theories. In order to maintain the discrete
symmetries of the lattice (reflections and rotations through multiples of 7), this is extended to a
sum over all orientations of the dual plaquettes
1 iK1 (770 o'
S=7F @ Z Z P et [U;w(”)]ij [UpU (n)]ki €aBCDS - (54)
n 0,0

The partition function is then given by

Z= / [dU] exp(iS), (55)

where we take [dU] to be the normalized Haar measure. We restrict the integration to O(5), rather
than considering also O(3,2) and O(4,1) as in [15], since for the non-compact groups one has
to define the measure by dividing through by the (infinite) volume of the gauge group. For the

five-dimensional representations used, the relevant integrals are:
Jlanvy =1, (56)

J1dnV] Wam)l =0 . (57)
1
5

The structure of the action, based on pairs of dual plaquettes, means that the calculations are

/[dHU] [Uu(m)]i (U (0)lkt = < 6it Ok Onpt O - (58)

somewhat different from the case in [11]. In particular, since we want eventually to evaluate
Wilson loops for planar surfaces, we can take as our basic building block a combination of two
pairs of dual plaquettes, put together so that one plaquette from each pair lies adjacent to the
other in the plane or they meet at one point, and the other two are joined back-to-back (see Figs. 7
and 8). We then calculate the contribution from this configuration in both cases, when integration

over the Us on the back-to-back faces is performed.

16



(0,0)

()

Figure 7. Two pairs of dual plaquettes joined together, with the ones in the (u,v)-plane lying side-by-side,

and the ones in the (p, o)-plane back-to back.

(0,0)

Figure 8. Two pairs of dual plaquettes joined together, with the ones in the (u,v)-plane sharing only the

vertex n, and the ones in the (p, o)-plane back-to back.

The quantity to evaluate in the first case is
1 N NI NE L
$ = o2 /[dHU] (e#P7)2 IR L TRTS [0, (n) U, (n + ) U (0 + v) U ()]
x [Up(n)Us (n + p)U, (0 + 0)Uy ()i [Un ()U (04 v = w)U, (0 — ) U(n = )]
x [Up(m)Us (n + p)U, (0 + 0)U, ()] (59)

(with no summation over y,v). Integration over the U,s and U,s gives

L N2 uwpov2 ijkis jj'kis -1 -1 -1
(Togz) () el {ULm)Ty (ntw)Uy- (n40)U, (v =p)U, " (n=p)Uu(n =)Ly (60)

Now

kB II'RIS — o (gid" §id . gii gid') (61)
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where
ik = ik — dis0ks (62)

so the final contribution, including a factor of 4 from the summation over p and o, is

1 24 .. y _ _ _
(@)2 %6”’”5 T U (U, (n+p) U (n+0) U H(n+ v —p) Uy (n— p) Up(n = )iy Figr -
(63)
In the second case, the calculation proceeds in a similar way, to give
1 o8 -1 -1
(@) s (Fiar Fj5— Fijr Gjir) [Up(n) Up(n+p) U, (n+v) U, (n)]i
XU =) Uy n—p = v) Up(n — p = v) Uy (n —v)]ajr . (64)

We now define a Wilson loop as the product of the U factors around the given path, with no extra

factors in this case, and we calculate its expectation value as usual:
<w> l/ll[d U;] W exp(iS) (65)
w>= — i X
7 i HUj eXpi?

As explained in [15], calculations are done in this formalism on the assumption that one can ignore
the zero-torsion constraint; the basis for this is that the torsion is suppressed by a factor of %, where
[ is large. As a result, one only needs to integrate over the U’s, and there is no need to integrate
over the vierbeins in this formalism. Note that because of the structure of the basic building blocks,
we can define Wilson loops only around paths which contain an even number of plaquettes. The
simplest of these is shown in Fig. 4, and the area can be tiled by only one of the two possible
building blocks, giving the value (1/(16¢%)?) (192/125).

The next most simple cases are shown in Fig. 9. The first of these can be tiled in four possible
ways with the first of the building blocks, giving (1/(16g%)*) (2'23%/57), while in the second, which
can be tiled in eight ways with the first building block and in one way with the second, the final
contribution is (1/(16g2)%) (28321/57). For the simplest configuration with internal plaquettes, a
loop surrounding 12 plaquettes (see Fig. 6), there are many (1072) different ways of tiling it,
so we need to add the contributions from all the different ways. The tiling shown in Fig. 6
gives (1/(16g%)'%) (2263%/52!) , and then combining this with the other contributions, we obtain
(1/(16g%)'%) (23°319481/5%3) . Notice the dependence on 1/¢? in the various cases evaluated. Again,
larger loops can then be treated in a similar way although the calculations become increasingly
tedious. This indicates the usual area law for the gravitational Wilson loop. We note here that
the authors of Ref. [17] have performed numerical simulations using the action from [15], but they

restricted themselves to the gauge group O(5), and to the weak coupling regime.
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Figure 9. Two arrangements for Wilson loops around four plaquettes.

A formalism related to that of Smolin is described by Das, Kaku and Townsend [18]. They
transcribe West’s de Sitter invariant formulation of Einstein gravity onto the lattice, obtaining an
action with plaquette contribution proportional to the square root of the trace of a square involving
Smolin’s action. They showed that their theory agrees with the one in [15] in the lattice continuum
limit. The square root in the action makes it almost impossible to do any general analytical
calculations.

To put the results of Wilson loop calculations in this and the previous section, together with the
results of [3], into context, it is interesting to make comparisons by relating the coupling constants
to that of the continuum action. The x of Mannion and Taylor [11] and Kondo [12], and the g of
Smolin [15] are related to the kK = 1/87G of [4] by

1k 1 1%k
k2 2a%’ g2

=35 (66)
Making a further normalization of the constants involved by equating the results for the smallest
loop results, the answers of [11] and [12] agree with those of [3] until the loops contain internal
plaquettes, and then, for example, the twelve-plaquette results differ by a factor of A\?2/6. The

results of [15] are of the same order of magnitude as those of [3].
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4 Spin foam models

Spin foam models grew out of a combination of ideas from the Ponzano-Regge model of three-
dimensional discrete Lorentzian quantum gravity, and from loop quantum gravity. In loop quan-
tization, the fundamental excitations are loops created by Wilson loop operators analogous to the
ones used in gauge theories [19], and one assumes that states can be written as power series in
spatial Wilson loops of the connection [20]. What does this intimate connection between Wilson
loops and spin foam models mean in the context of this paper?

In the three-dimensional formulation of Turaev and Viro [21], which is a regularized version
of the Ponzano-Regge model, it has been shown [22] that the graph invariant defined by Turaev
[23] coincides, in the semi-classical limit, with the expectation value of a Wilson loop. This is
a consequence of the asymptotic behavior of 6j-symbols, with certain arguments fixed, involving
rotation matrices which combine to give parallel transport operators along the graph. The extension
of this result to graph invariants in discrete four-manifolds has not been made (as far as we know)
and it is not clear anyway whether an area law could be obtained for large loops since the concept
of a planar loop is not well-defined.

One way of obtaining a spin foam model is from BF theory [24]. In four dimensions, repre-
sentation labels are assigned to triangles and group elements to sections of the dual loop around
each triangular hinge. The integral of the group elements around the dual loop gives the holonomy,
which is a measure of the curvature, F. Thus an evaluation of Wilson loops is a basic ingredient
in calculating the action, which is then conventionally expressed in terms of sums over amplitudes
for the vertices, edges and faces of the spin foams. Alternatively, in group field theories, the action
involves the integral over products of functions of the group variables, corresponding to a kinetic
term and an interaction term. Here the evaluation of Wilson loops is somewhat similar to the way
matter is inserted; certain edges are picked out (to form the loop) and are then treated differently
in the summation process [25].

The authors of Ref. [26] have shown that there is an exact duality transformation mapping
the strong coupling regime of non-Abelian gauge theory to the weak coupling regime of a system
of spin foams defined on the lattice. They obtain an expression for the expectation value of
a non-Abelian Wilson loop (or spin network) in terms of integrals of expressions involving finite-
dimensional unitary representations, intertwiners and characters of the gauge group, together with a
gauge constraint factor for each lattice point. The integrals are done explicitly, leaving complicated

products and sums over intertwiners, projectors and the character decomposition of the exponential
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of the action. Their calculation is very general, and to evaluate a Wilson loop in the usual sense,
considerable simplification can be made. The links which form the Wilson loop can all be labelled
with the same representation, and, as the loop has no multivalent vertices, the intertwiners all
become trivial. Even so, the calculation is very complicated for a general gauge group,

To illustrate the ideas behind the work of these authors, we will describe the corresponding
calculations in lower dimensions and with gauge group SU(2) [27, 28]. We shall summarize the
description in [28]. The partition function for gauge theory on a cubic lattice is written as usual as

an integral over link variables U;, with the action being a sum over plaquettes contributions

1 B Y, (TrUy + c.c.)
Z= B/h]r}st, exp< pl Mﬁl ) (67)

with 8 being the dimensionless inverse coupling. The matrix Uy, is the standard product of four
link matrices U; around the plaquette. The idea of the duality transformation is to make a Fourier
transform in the plaquette variables, by first inserting unity for each plaquette into the partition
function, in the form

1= 1 [ U 80, V:0a0301), (68)
pl

where U 4 are the link variables around the plaquette. The §-function can be realized by products

of Wigner D-functions

SO V)= Y (@J+1) D} ., (U)DL, (V). (69)
1
J=0, 35 ].,

The unity is then inserted into the partition function in the form
1= 1 [ dUn @7+ 1D, (U1
pl J
XD’r{zzmg(Ul) D7{13m4(U2) Dr{L4m5(U3) D7{L5m1(U4) . (70)

The integration over the plaquette matrices is performed using

/dUPl exp <ﬁ >l (Tr Uy + C.C-)> Dermz(UT) —

2Tr1 Om1,me 11(8) T (B), (71)

™I

where T5(8) = Ioj+1(8)/11(B) [2,29] is the “Fourier transform” of the Wilson action and the I,

are modified Bessel functions. The partition function is then

9 no. of plaquettes
z = |31 S TI@7F + 1) T, (8)
ﬂ Jp pl
x I [ du Dyt e, (U) Dy, (U2) D, (Us) Dty (Us) (72)

links1
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In two dimensions, each link is shared by two plaquettes and the integration over Ds gives Kronecker
deltas, whereas in three dimensions, each link is shared by four plaquettes and the integration over
Ds gives 6j-symbols as in the Ponzano-Regge model. To compute the expectation value of a Wilson
loop in representation jy, a factor of D’s(U) must be inserted for each link on the loop. In two
dimensions, use of the asymptotics of T;() leads to the area law at large 8 (strong coupling)
[28]. In three dimensions, the extra Ds along the link give rise to 9j-symbols, and the asymptotic
behavior of the Wilson loop has not been calculated explicitly.

The formulation of spin foam models which seems the most tractable for the calculation of
Wilson loops is the one of Ref. [30]. (Their expressions are essentially identical to those written
down earlier by Caselle, D’Adda and Magnea [10,3] (see also [31]). In the absence of a boundary,

their action can be written as (see Eq. (13) )

S= TB;)Us ()] , (73)
7

where the sum is over triangular hinges, f, Uy(t) is the product of rotation matrices linking the
coordinate frames of the tetrahedra and four-simplices around the hinge and By(t) is a bivector
for the hinge, defined as the dual of X ;(¢). This in turn is the integral over the triangle f of the
two-form X(t) = e(t) A e(t), formed from the vierbein in tetrahedron ¢. The action is independent
of which tetrahedron is regarded as the initial one in the path around the hinge. There is a slight
subtlety in the definition of U(t), as the basic rotation variables are taken to be V;,, which relates
the frame in tetrahedron ¢ to that in 4-simplex v, of which ¢ is a face, which is crossed in the path
around hingef. Then

Us(t) = Vio, Vorta Vot - (74)

The action is sufficiently similar to that used by us in an earlier paper [3], that we may take over
the formalism for calculating Wilson loops from there. The integration over the Vs, which are
elements of SO(4) in the Euclidean case, proceeds exactly as in [3], and the same problem arises
with the unmodified action of [30], as the bivector B is traceless. Therefore the definition of the
action and of the gravitational Wilson loop has to be modified by an addition of €Iy, as in [3],
which again does not affect the value of the action. The results obtained are equivalent to those
in our earlier paper, which indicates that the area law also holds for this formulation of spin foam

models.
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5 Other discrete models of quantum gravity

We now consider very briefly various other approaches to discrete quantum gravity and the pos-
sibility of evaluating the expectation values of gravitational Wilson loops in them. Kaku [32] has

proposed a lattice version of conformal gravity, with action
§ =3 ¢ Tr[y; Pu(n) Pag(n)] , (75)
n

where P,,(n) gives the curvature round a plaquette and is related to the Us in our previous
equations, with U, (n) given in terms of the O(4,2) generators. The strong coupling expansion of
the partition function is given by

2= [l ¥ — [1 5 e Tufys Puu(n) Pag(m)]| - exp (i Ty (1 +75) P ()]}

B

(76)
where the last term is included to impose the zero-torsion constraint. The analytic calculation
of Wilson loops is complicated considerably by the presence of this constraint. If it is ignored,
and Wilson loops defined as a product of Us round the loop as usual, then comparison with other
calculations suggests that an area law will be obtained. (The calculations are very similar to those
of Ref. [15] if one assumes a form for the O(4,2) integrals as in his paper. The 75s disappear in
the process of evaluating the basic building blocks.)

Rather than considering conformal gravity, Tomboulis [33] has formulated a lattice version of
the general higher derivative gravitational action in order to prove unitarity. He uses the gauge
group O(4) and considers vierbeins coupled as “additional matter fields”, as in Mannion and Taylor
[11] and Kondo [12], together with further auxiliary fields. After including reflections in order to
preserve discrete rotation and reflection symmetry on the lattice, he squares and then takes a square
root, to ensure scalar, rather than pseudoscalar, properties in the continuum limit, as in [18]. A
torsion constraint is also necessary here. As in formulations discussed earlier, these features make
calculations very complicated.

Finally the authors of Ref. [14] have presented a unified treatment of Poincaré, de Sitter and
conformal gravity on the lattice. This shares many features with the formulations already described,
so we will not discuss it further here. The main difference is that the lattice vierbein field is defined
on the lattice links rather than at the vertices. The formulation is reflection positive, but the mode
doubling problem seems to persist, as seen form the expansion about a flat background.

Causal dynamical triangulations [34] are based on the action of Regge Calculus, but the ap-

proach differs in that all simplices have identical spacelike edges and identical timelike edges, and
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the discrete path integral involves summing over triangulations. In this case it is not clear how
to use the methods discussed here and in [3], which are based on the invariant Haar measure for
continuous rotation matrices, since this formulation does not contain explicitly continuous degrees
of freedom which could be used for such purpose.

The proposed formulation of Weingarten [35], based on squares, cubes and hypercubes, rather
than simplices, involves six-index complex variables corresponding to cubes, so although it is possi-
ble to define a large planar loop, it is not clear how to evaluate a Wilson loop, except in the special
case when the parameter p (the coefficient of the term in the action which gives the contribution
from the boundaries of the 4-cells) is set equal to zero, which seems to correspond to the unphysical
case of infinite cosmological constant.

A more radical approach to discrete quantum gravity, in which the ingredients are a set of
points and the causal ordering between them, is known as causal sets. Recent progress includes a
calculation of particle propagators from discrete path integrals [36]. In this formulation, it is not
clear how to define a (closed) Wilson loop connecting points which are not causally related, and

defining a near planar loop is also a problem here.

6 Effects of Scalar Matter Fields

In the next four sections, we consider whether the presence of matter affects the area law behavior
of gravitational Wilson loops in the strong coupling limit. For each type of matter, we first describe
briefly its transcription to the lattice [4].

A scalar field can be introduced as the simplest type of dynamical matter that can be coupled
invariantly to gravity. In the continuum the scalar action for a single component field ¢(z) is

usually written as

Tlg,d = § [ dn /g (9" up 0,0+ (m? +ER) ] + .. (77)

where the dots denote scalar self-interaction terms. Thus for example a scalar field potential
U(¢) could be added containing quartic field terms, whose effects could then be of interest in the
context of cosmological models where spontaneously broken symmetries play an important role.
The dimensionless coupling £ is arbitrary; two special cases are the minimal (¢ = 0) and the
conformal (£ = %) coupling case. In the following we shall mostly consider the case & = 0. It

is straightforward to extend the treatment to the case of an Ng-component scalar field ¢* with
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a=1,...,N;.

One way to proceed is to introduce a lattice scalar ¢; defined at the vertices of the simplices.
The corresponding lattice action can then be obtained through a procedure by which the original
continuum metric is replaced by the induced lattice metric. Within each n-simplex one defines a

metric
gij(s) = ei-ej (78)

with 1 < 4,5 < n, and which in the Euclidean case is positive definite. In components one has

Gij = Tab €5 eJ In terms of the edge lengths [;; = |e; — e;|, the metric is given by
gii(s) = 5 (Bi+8;-13) - (79)
The volume of a general n-simplex is then given by
1
Va(s) = o det g;;(s) . (80)

To construct the lattice action for the scalar field, one then performs the replacement

g () — gij(s)
o, — AipAjd (81)

with the scalar field derivatives replaced by finite differences

au¢ — (Au¢)z’ = ¢i+u_¢i . (82)

where the index p labels the possible directions in which one can move away from a vertex within a
given simplex. After some re-arrangements one finds a lattice expression for the action of a massless

scalar field [37,38]

» =1 ( b diyt (83)

<ij> Lij
Here Vig-d) is the dual (Voronoi) volume [39] associated with the edge ij, and the sum is over all
links on the lattice. Other choices for the lattice subdivision will lead to a similar formula for the
lattice action, with the Voronoi dual volumes replaced by their appropriate counterparts for the
new lattice. Mass and curvature terms such as the ones appearing in Eq. (77) can be added to the
action, so that a more general lattice action is of the form

=5 SV (M) AR et (34)

<ij>
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where the term containing the discrete analog of the scalar curvature involves

VR =Y 6, ~ VgR (85)
hD1

In the expression for the scalar action, Vi(d) is the (dual) volume associated with the site 7, and
the deficit angle on the hinge h. The lattice scalar action contains a mass parameter m, which has

to be tuned to zero in lattice units to achieve the lattice continuum limit for scalar correlations.
When considering whether the gravitational Wilson loop area law holds for large loops in the
strong coupling limit, the matter considered must be almost massless, otherwise its effects will not
propagate over large distances and so cannot change the large Wilson loop result found in the pure
gravity case. In fact, since the lattice Lagrangian for the scalar matter involves only factors related
to the lattice metric (functions of the edge lengths) and not the connection (provided the parameter

&€ = 0), then the integration over the connections, which is what gives the area law, is unaffected.

7 Effects of Lattice Fermions

On a simplicial manifold spinor fields 1, and 1, are most naturally placed at the center of each d-
simplex s. In the following we will restrict our discussion for simplicity to the four-dimensional case,
and largely follow the original discussion given in [40,41]. As in the continuum, the construction
of a suitable lattice action requires the introduction of the Lorentz group and its associated tetrad
fields ef: (s) within each simplex labeled by s. Within each simplex one can choose a representation

of the Dirac gamma matrices, denoted here by y#(s), such that in the local coordinate basis

{7 (s),7"(s)} = 24"(s) - (86)

These in turn are related to the ordinary Dirac gamma matrices v, which obey
[} = 20", (87)

with 7% the flat metric, by

so that within each simplex the tetrads ef,(s) satisfy the usual relation

eh(s) eh(s) 1™ = g"(s) . (89)
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In general the tetrads are not fixed uniquely within a simplex, being invariant under local Lorentz
transformations. In the following it will be preferable to discuss the Euclidean case, for which
Tab = 5ab-

In the continuum the action for a massless spinor field is given by

1= [ deyGd@) " Dyi) (90)

where Dy, = 0, + 5 Wyab 0 is the spinorial covariant derivative containing the spin connection
Wyqp- In the absence of torsion, one can use a matrix U(s', s) to describe the parallel transport of

any vector ¢* from simplex s to a neighboring simplex s',

P(s") = U (s',5) 4" (s) (91)

U therefore describes a lattice version of the connection. Indeed in the continuum such a rotation
would be described by the matrix
g\ P
Ut = (") (92)
v

with I‘l)‘w the affine connection. The coordinate increment dx is interpreted as joining the center
of s to the center of s, thereby intersecting the face f(s,s’). On the other hand, in terms of the
Lorentz frames Y(s) and X(s') defined within the two adjacent simplices, the rotation matrix is
given instead by

USy(s',5) = e,(s") e”y(s) U, (s, 9) (93)

(this last matrix reduces to the identity if the two orthonormal bases Y(s) and (s’) are chosen to
be the same, in which case the connection is simply given by U(s’,s),” = ¢,* €”,). Note that it is
possible to choose coordinates so that U(s, s’) is the unit matrix for one pair of simplices, but it
will not then be unity for all other pairs in the presence of curvature.

One important new ingredient is the need to introduce lattice spin rotations. Given in d di-
mensions the above rotation matrix U(s', s), the spin connection S(s, s’) between two neighboring
simplices s and s’ is defined as follows. Consider S to be an element of the 2”-dimensional repre-

sentation of the covering group of SO(d), Spin(d), with d = 2v or d = 2v + 1, and for which S is

a matrix of dimension 2¥ x 2¥. Then U can be written in general as
U = exp [%aaﬂeaﬂ] (94)

where 6,4 is an antisymmetric matrix. The o’s are 3d(d — 1) d x d matrices, generators of the

Lorentz group (SO(d) in the Euclidean case, and SO(d—1, 1) in the Lorentzian case), whose explicit
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form is

[0a8]"s = 67 mps — 0" 3705 (95)
so that, for example,
0 0 10
0 0 0 0
=11 00 0 (96)
0 0 0 0

For fermions the corresponding spin rotation matrix is then obtained from
S = exp [%’yaﬂeag] (97)

with generators y*? = 2%[7“,75]. Taking appropriate traces, one can obtain a direct relationship

between the original rotation matrix U(s, s’) and the corresponding spin rotation matrix S(s, s)
Usp = Tr (8770 S75) /Tr1 (98)

which determines the spin rotation matrix up to a sign. Now, if one assigns two spinors in two
different contiguous simplices s1 and s9, one cannot in general assume that the tetrads e#(s;) and

el (s2) in the two simplices coincide. They will in fact be related by a matrix U(sg, s1) such that
eals2) = Ul (s2,51) €5(s1) (99)

and whose spinorial representation S is given in Eq. (98). Such a matrix S(s2, s1) is now needed to
additionally parallel transport the spinor v from a simplex s; to the neighboring simplex so. The
invariant lattice action for a massless spinor takes therefore the form

I=3 Y V(f(55)9PS(U(s,)) 7" (") nuls, o) o (100)

faces f(ss’)

where the sum extends over all interfaces f (s, s’) connecting one simplex s to a neighboring simplex
s', ny(s, s') is the unit normal to f(s,s’) and V(f(s,s')) its volume. The above spinorial action can
be considered closely analogous to the lattice Fermion action proposed originally by Wilson [1] for
non-Abelian gauge theories. It is possible that it still suffers from the fermion doubling problem,
although the situation is less clear for a dynamical lattice [42].

It is clear that the situation with gravitational Wilson loops is a bit more complicated than in
the scalar field case, since the action now contains the spin connection matrix, which is a function
of the matrices U which play the role of the connection. What is more, the generators of the spin
rotation matrices are in a different representation from the generators of the rotation matrices, and

it seems impossible to obtain, to lowest order, a spin zero object out of the combination of two
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objects of spin one-half (S) and spin one (U), unless one applies the fermion contribution twice to
each link, in which case a non-zero contribution can arise. We note here that if the Wilson loop

were to contain a perimeter contribution, it would be of the form
W(C) ~ const. (km)X© ~ exp [—myp L(C)] (101)

where L(C) is the length of the perimeter of the near-planar loop C, m, the particle’s mass, equal
here to my, = | Inky,| for small k,,, with &, the weight of the single link contribution from the matter
particle (sometimes referred to as the hopping parameter). Area and perimeter contributions to
the near-planar Wilson loop would then become comparable only for exceedingly small particle
masses, mp ~ L(C)/€2, i.e. for Compton wavelengths comparable to a macroscopic loop size
(taking A(C) =~ L(C)?/4m).

To demonstrate the perimeter behavior (see Fig. 10), one would need to show that the matrix
S on the face between simplices s and s’ would have a term proportional to the corresponding
U(s,s'), with coefficient composed of y-matrices, thereby possibly giving a non-zero contribution
to the U-integration. (This does not seem to be true in the infinitesimal case to lowest order, where,

for example, S(034) = I; + %74[[]13(934) — U24(034)].)

Figure 10. Illustration on how a perimeter contribution to the gravitational Wilson loop arises from matter
field contributions. Note that now the arrows representing rotation matrices reside in principle in different

representations.

8 Effects of Gauge Fields

In the continuum a locally gauge invariant action coupling an SU(N) gauge field to gravity is

1
Tyge = ~ 32 / d'z /g g" "7 FS, FY, (102)

29



with Fjj, =V, A7 -V, A} +gf“bcAZAf, and a,b,c = 1,...,N? — 1. On the lattice one can follow a
procedure analogous to Wilson’s construction on a hypercubic lattice, with the main difference that
the lattice is now possibly simplicial. Given a link 45 on the lattice one assigns group elements U;;,
with each U an N x N unitary matrix with determinant equal to one, and such that Uj; = Uigl.
Then with each triangle (plaquette) A, labeled by the three vertices ijk, one associates a product
of three U matrices,

Uan = Ui =U;j Ujy, Uy (103)

The discrete action is then given by [37]
1 c
Tgauge = —— »_ Va -7 Re [Tr(1 — Ua)] (104)
9° A A

with 1 the unit matrix, VAo the 4-volume associated with the plaquette A, AaA the area of the
triangle (plaquette) A, and ¢ a numerical constant of order one. If one denotes by 7A = c¢Va/AA

the d — 2-volume of the dual to the plaquette A, then the quantity

Z—AA = ¢ X—% (105)
is simply the ratio of this dual volume to the plaquettes area. The edge lengths /;; and therefore
the metric enter the lattice gauge field action through these volumes and areas. One important
property of the gauge lattice action of Eq. (104) is its local invariance under gauge rotations g;
defined at the lattice vertices., One can further show that the discrete action of Eq. (104) goes over
in the lattice continuum limit to the correct Yang-Mills action for manifolds that are smooth and
close to flat.

Regarding the effects of gauge fields on the gravitational Wilson loop one can make the following
observation. Since the action here contains no factors related to the lattice connection, the Wilson
loop area law for large gravitational loops will be unaffected by such gauge fields, and in particular
this will be true for the photon (which in principle could have lead to important long distance

effects, since it is massless).

9 Effects from a Lattice Gravitino

Supergravity in four dimensions naturally contains a spin-3/2 gravitino, the supersymmetric partner
of the graviton. In the case of N' = 1 supergravity these are the only two degrees of freedom present.

The action contains, beside the Einstein-Hilbert action for the gravitational degrees of freedom,
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the Rarita-Schwinger action for the gravitino, as well as a number of additional terms (and fields)
required to make the action manifestly supersymmetric off-shell.

A spin-3/2 Majorana fermion in four dimensions corresponds to self-conjugate Dirac spinors
%y, where the Lorentz index p = 1...4. In flat space the action for such a field is given by the
Rarita-Schwinger term

Lrs =— 3 P10 T Crys v 0y s (106)

where C' is the charge conjugation matrix. Locally the action is invariant under the gauge trans-

formation
Pu(z) = Pu(z) + Oue(x) (107)

where €(z) is an arbitrary local Majorana spinor.

The construction of a suitable lattice action for the spin-3/2 particle proceeds in a way that is
rather similar to what one does in the spin-1/2 case. On a simplicial manifold the Rarita-Schwinger
spinor fields 1,(s) and 1,(s) are most naturally placed at the center of each d-simplex s. Like
the spin-1/2 case, the construction of a suitable lattice action requires the introduction of the
Lorentz group and its associated vierbein fields eZ(s) within each simplex labeled by s, together
with representations of the Dirac gamma matrices (see the previous discussion of Dirac fields).

Now in the presence of gravity the continuum action for a massless spin-3/2 field is given by

Lyz = =3 [ davg e §,(@)15% D olo) (108

with the Rarita-Schwinger field subject to the Majorana constraint 1, = Ct,(z)T. Here the

covariant derivative is defined as

Du"pp = 8u'lpp - ng s + %wuab o Py (109)
and involves both the standard affine connection I'} ), as well as the vierbein connection
Wy ab = % [ea'u(al/ Cop — au ebl/) + eapeba(aff eCP) ecu]
— (a<D) (110)

with Dirac spin matrices og = % [Ya>7s), and €7 the usual Levi-Civita tensor, such that €,,,, =
—gehvro.

It is easiest to just consider two neighboring simplices s; and s2, covered by a common coordinate
system z#. When the two vierbeins in s; and sy are made to coincide, one can then use a common

set of gamma matrices v# within both simplices. Then (in the absence of torsion) the covariant
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derivative D, in Eq. (108) reduces to just an ordinary derivative. The fermion field 1), (z) within
the two simplices can then be suitably interpolated, and one obtains a lattice action expression
very similar to the spinor case. One can then relax the condition that the vierbeins e#(s;) and
el (s2) in the two simplices coincide. If they do not, then they will be related by a matrix U(sg, s1)
such that

eq(s2) = UF,(s2,51) eq(s1) (111)

and whose spinorial representation S was given previously in Eq. (98). But the new ingredient in
the spin-3/2 case is that, besides requiring a spin rotation matrix S(sz,s1), now one also needs the
matrix Uy/(s,s’) describing the corresponding parallel transport of the Lorentz vector 1, (s) from
a simplex s; to the neighboring simplex so. The invariant lattice action for a massless spin-3/2
particle takes therefore the form

I=—5 Y V(f(s8) e 9u(s) S(U(s,8") mw(s") nals, s') Uy (s, 8) 1hy(s) (112)

faces f(ss')
with

bu() S(U(s,8)) 1 (") ¥p(s') = Puals) S%(Uls,s) 1" () 4 (s") (113)
and the sum 3=, o f(s) €xtends over all interfaces f(s, s’) connecting one simplex s to a neighboring
simplex s’. When compared to the spin-1/2 case, the most important modification is the second
rotation matrix U"),(s, s"), which describes the parallel transport of the fermionic vector 1, from
the site s to the site s’, which is required in order to obtain locally a Lorentz scalar contribution
to the action.

In this case again one expects the Wilson loop to follow a perimeter law, as in the spin one-half
case of Eq. (101), because the matter action explicitly contains factors of U which will contribute
when the Us and Ss around the loop are integrated over, which of course requires that one also
take into account the spin connection matrices. These add complexity but are not expected, due to
the nature of the interaction, to change the answer. The same general considerations then apply as
in the spin-1/2 case: the perimeter contribution to the gravitational Wilson loop can significantly

modify the area law result only if the corresponding particle mass is exceedingly small.

10 Physical Consequences

Having ascertained with some degree of confidence that in a number of different, and quite un-

related, lattice discretization of gravity the gravitational loop follows an area law for sufficiently
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strong coupling G,
<W(C)> ~ exp(—Ac/E) (114)
A—o00

with ¢ determined by scaling to be the nonperturbative gravitational correlation length, let us now
turn to possible physical interpretations of the results. In particular, we will explore their connection
to a semi-classical picture, describing the properties of curvature on very large, macroscopic distance
scales Note that, in the above expression, ¢ is intended to be the renormalization group invariant

quantity obtained by integrating the (-function for the Newtonian coupling G,

_ G 4@’
¢ HG) = const. A exp (— ﬁ(G’)) . (115)

with A the ultraviolet cutoff (and analogous to Eq. (8) for gauge theories). Then in the vicinity of
the ultraviolet fixed point at G,

B(O) = 1y C) v, FGIG=G + ... (116)

which gives

E71(G) < (G = Go)/Gel”, (117)

with a correlation length exponent v = —1/8'(G.). In particular the correlation length &(G) is
related to the bare Newtonian coupling G, and diverges, in units of the cutoff A, as one approaches
the fixed point at G.. Thus for a bare G very close to G, the two scales, A and £~ ! can be vastly
different. Furthermore the result of Eq. (114) was derived from the lattice theory of gravity in the
strong coupling limit G — oo. But one would expect, based on general scaling arguments, that such
a behavior would persist through the whole strong coupling phase G > G, all the way up to the
non-trivial ultraviolet fixed point at G.. This is indeed what happens in non-abelian gauge theories
and spin systems: the only scale determining the non-trivial scaling properties in the vicinity of
the fixed point is £&. The corresponding behavior is then known as universal renormalization group
scaling.

As discussed at the beginning of this work and in [3,4], the rotation matrix appearing in the
gravitational Wilson loop can be related classically to a well-defined classical physical process, one
in which a vector is parallel transported around a large loop, and at the end is compared to its
original orientation. Then the vector’s rotation is directly related to some sort of average curvature
enclosed by the loop; the total rotation matrix U(C) is given by a path-ordered (P) exponential
of the integral of the affine connection T'},, as in Eq. (1). In a semi-classical description of the

uvy

parallel transport process of a vector around a very large loop, one can re-expresses the connection
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in terms of a suitable coarse-grained, semi-classical slowly varying Riemann tensor, as in Eq. (2).
Since the rotation is small for weak curvatures, one has

U%(C) ~ [1+ 3 oy BowAE + ...]aﬁ : (118)
At this stage one can compare the above semi-classical expression to the quantum result of Egs. (44),
(66) and (114), and in particular one would like to relate the coefficients of the area terms. Since
one expression [Eq. (118)] is a matrix and the other [Eq. (114)] is a scalar, one needs to take the
trace after first contracting the rotation matrix with (B¢ + €1y), as in our second definition of the

Wilson loop of Eq. (16), giving

w(C) ~ Tr ((BC + ely) exp {% s©) R, AY }) . (119)

Next, it is advantageous to consider the lattice analog of a background classical manifold with

constant or near-constant large scale curvature,

Ruvre = % A (guu Gxe — Gux Gvo) (120)

so that here one can set for the curvature tensor

R%,, = RB% B, (121)

where R is some average curvature over the loop, and the area bivectors B here will be taken
to coincide with Be. The trace of the product of (B¢ + €l4) with this expression then gives
Tr(R B% Ac) = — 2 R Ac. This is to be compared with the linear term from the other

exponential expression, — Ac/¢2. Thus the average curvature is computed to be of the order
R ~ +1/¢ (122)

at least in the small kK = 1/87G limit. An equivalent way of phrasing the last result makes use of
the classical field equations in the absence of matter R = 4\. Then 1/£2 should be identified, up

to a constant of proportionality of order one, with the observed scaled cosmological constant Agps,

1
Aobs =~ ta (123)

The latter can be regarded either as a measure of the vacuum energy, or of the intrinsic curvature of
the vacuum. One sees therefore that a direct calculation of the gravitational Wilson loop provides a
direct insight into whether the manifold is De Sitter or anti-De Sitter at large distances. Moreover,

in the case of lattice gravity at strong coupling, as has been shown in this work, it seems virtually
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impossible to obtain a negative sign in Eqs. (122) or (123), which would then suggest that quantum
gravity predicts a positive cosmological constant at large distances (Again, the analogy with non-
abelian gauge theories comes to mind, where one has for the non-perturbative gluon condensate
< F ,f,, > ~ 1/&*, where ¢ is the non-perturbative QCD correlation length, {1 ~ A775; the analog
of the vacuum condensate in non-abelian field gauge theories is then naturally seen here to be the
vacuum expectation value of the curvature).

At first it would seem that in principle the scale £ could take any value, including very small ones,
based on the naive estimate ¢ ~ [p, where [p is the Planck length whose magnitude is comparable
to the (inverse of the) ultraviolet cutoff A. This of course would then preclude any observable
quantum effects in the foreseeable future. But the relationship between & and large scale curvature,
or more precisely between ¢ and A, arising out of the specific properties of the gravitational
Wilson loop, would seem to imply a strikingly large, cosmological value for ¢ ~ 10%8¢m, given the
present observational bounds on Ays. Closely related possibilities exist, such as an identification
of ¢ with the Hubble constant as measured today, £ ~ 1/Hy; since this quantity is presumably
time-dependent, a possible scenario is one in which ¢ ! = Hy, = limy_yoo H(t), with HZ = % Aobs-

One should note here that the link between the long distance cosmological constant Ay and the
renormalization group invariant mass scale m = 1/ is not entirely unexpected, and can be viewed
from a different perspective. If one compares for example, at the most basic level, the structure of
the three classical field equations for gravity, QED (made massive via the Higgs mechanism) and

a self-interacting scalar field, respectively,

8“F,W + m2 Al/ = 47r6 jV
o p + m2p = % 3 (124)

one finds that it is indeed consistent and natural to regard the (scaled) cosmological constant as
a renormalization group invariant quantity, just like the particle’s masses in the other two field
theories. It should also be stressed that in all cases, the scale £ or m is not predicted from first
principles, instead its value must be taken from observation and experiment. In the case of gravity,
all one can say is that a specific value for ¢ is related to how close the bare coupling G(A) is to the
ultraviolet fixed point value G, as shown for example in Eq. (117). The factor of G — G, there
is what accounts for the possibility of having in quantum gravity two widely distinct scales, the
cutoff A and the non-perturbative scale &.

Finally it is important to note though that another important and independent physical pre-
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diction arises from the identification of ¢ with 1/y/Ass : one expects ¢ to determine the scale
dependence of the couplings appearing on the r.h.s. of the field equations in Eq. (124), and in
particular the scale dependence of Newton’s constant G(u), as obtained from solving for example
the renormalization group equations for G, Egs. (115) and (116).

As discussed in [44], a running of the gravitational constant of the type discussed in [7] is
phrased best in a fully covariant formulation, such as an effective classical, but non-local, field
equation of the type

Ry — 39wR + Agu = 87 G(O) T}, (125)

with A ~ 1/¢2, and G(O) the running Newton’s constant

G — G(O) (126)

with the running given by

G(D):Gc[1+a0(§%>g+...] , (127)

and ag ~ 42 > 0 and v ~ 1/3 [45]. G. in the above expression should be identified to a first
approximation with the laboratory scale value v/G. ~ 1.6 x 10 33¢cm [44,4]. The running of G can
then be worked out in detail for specific coordinate choices. Thus in the static isotropic case one

finds a gradual slow increase in G with distance, in accordance with the formula

— 2 3.3 1
G—)G(T)—G(l—i-ﬂmr lnm2r2+”'> (128)

in the regime r > 2 M G, where 2M G is the horizon radius, and m = 1/£. This would then suggest

that the natural scale entering the quantum scale dependence of G(r) is the observed cosmological

constant, & = 1/v/Asps-

11 Conclusions

From our study of Wilson loops, where defined and calculable, in all theories of discrete gravity
that we have found, it seems that the area law holds for large loops in the strong coupling domain.
This suggests that we can infer, as in [3], that a universal prediction of strongly coupled gravity
without matter is that the scaled cosmological constant is positive.

The effect of adding matter coupled to gravity is less clear-cut, although it is only massless or

almost massless matter which propagates to sufficiently large distances to affect large gravitational
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Wilson loops. In that case, scalar matter and gauge fields (in particular the photon) do not affect
the area law. For very low mass fermions (e.g. neutrinos), it is possible that the coupling gives
rise to a perimeter contribution, which could replace the area law for suitable ratios of coupling
constants, but this seems unlikely. Similarly, the lattice gravitino could produce a perimeter law.
These possibilities will be investigated in future work. Numerical simulations of simplicial lattice
gravity could provide vital clues here [45].
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