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We discuss the anomaly in the axial vector current for the improved fermion action on the lattice. A detailed discussion
of the fermion regularization dependence of the anomaly is given and it is shown that for finite lattice spacing the improved
fermion action gives a more reasonable value for the anomaly contribution at finite quark mass than the Wilson action, We
also present some results on the perturbative corrections to the decay constants of mesons for the improved fermion action.

Introduction. In a previous paper [ 1] we proposed an improved fermion action on the lattice by adding a next
nearest neighbor interaction term to the generalized Wilson fermion action [2]. We gave arguments there which
suggested that the proposed action should approach the continuum limit more rapidly, and suggested to investi-
gate whether theoretically motivated improvements would also lead to improvements in the quality of the numer-
ical results.

In this paper we address the question of the behavior of the axial vector current anomaly for the improved
fermion action for small quark masses, and elucidate the role of the species doubling fermions in reproducing the
correct anomaly contribution in the continuum. This problem is of importance because of the well known con-
nection between the anomaly and the ' mass. We show that for finite and not too small quark mass (in lattice
units) the coefficient of the anomaly has a strong dependence on the fermion regularization. The suppression of
the anomaly contribution for the Wilson fermion action at finite mass will be shown to be significantly reduced
when the improved fermion action is used. Further on we compute the perturbative correction factors for the
meson decay constants to lowest order. These factors are useful in comparing the decay constants on the lattice
with those in the continuum.

1. The axial anomaly for the improved action. It has been recognized since a long time that the spontaneous
breaking of chiral symmetry is a comerstone in the understanding of low-lying hadron spectroscopy [3]. It is also
of course, an important topic in the context of the lattice gauge theory.

It was pointed out by several authors [4—6] that the Wilson fermion action reproduces the correct anomaly in
the continuum limit.

In our previous paper [1] we proposed an improvement action of the following form

stgauge * Stermion (1.1
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ntu,u

This action gave the Feynman rules for the fermion propagator and the three-point fermion—gluon vertices in the
form

Szlp)=1-2% ?(r cos p, —iv, sinp,) — ZZ”; (Ccos 2p, —iDy, sin 2p,) ,

VO)p, q) = 2glkr sin 7(p +q),, + ik, cos 3 +4),

+2Csin(p +4q),, cos ip- q), * 2iD7y,, cos(p +q), cos T T . (1.3)

Here the T%’s are the generators of SU(V) and the hopping parameter k is related to the fermion mass. We then re-
quire that the fermion propagator and the vertices approach the continuum limit rapidly, which is achieved by ad-
justing the coefficients of the O(p?) and of the O(p3) terms in the fermion propagator to be zero. In this way we
get the constraint

C=—3kr, D=—gk. (14)

Notice that what we have written down is basically a truncated SLAC derivative fermion action, in the sense that
an improvement to all orders in p would correspond just to using the (nonlocal) SLAC derivative formulation [7].

We will now discuss the axial anomaly for the improved fermion action. By performing the chiral transforma-
tion on the fermion fields

¥ > exp(ivsO) ¥y, . ¥y > ¥y, explivsh) (1.5)

we get the lattice axial Ward identity
5(2
? AR A §(J,‘,n) BB Dl —oms — X, =0, (1.6)

where we have defined
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The V—-V—A three-current matrix element is defined as

Ziexpl-ipn +am)IOITVL 7%, 720 =TeEOw.q) + 120, (18)
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The quantity J,; ,, is the vector current

Jzyn =gk[wn(r - 7#)Tll¢,n+#__ wﬂ+y(r +7#)Tal'l/n] (],10)

— gk [0 Gr = 51T 425 + Vn—uG7 = 57 TV = Uy 7+ 57Ty —Vpa2, G +87,) TV, 1.
The lowest order contribution to this matrix element on the lattice is given by (see fig. 1a and 1b)
k-

4
Oty vs [cos 52k + 20 +p — q), — Scos(2k + 21 +p - q),]
(2

reb,(p, @)+ T28,(a,p) = —2% t(1T%) [
-7

XSp+p+ D VDU +p+ Lk +DSpk+D VI k+1k - q+D)Sp(k —q+D}+(p = q,uov), (1.11)

where we have shifted the internal momentum kﬂ —>k” + lu’ and l,J can be taken to be a linear combination of
the external momenta

L =P, tdq, . (1.12)

The coefficients ¢ and d will be determined later in order to satisfy the vector Ward identity. We also wish to de-
fine the following quantities

2 exp[i(pn + qm)] OITU , 12 1 2mIR)I0) = 2mIgL (o, 4) + 2mTL2(a. p) (1.13)
n,
and
‘z;n exp [—i(pn + gm)]QITUE ,J2 , X)) = X92(p, q) + X2%(q,p) . (1.14)
The lowest order contributions to 2mF‘$(p, q) and Xﬁ’,(p, q) are given by
~ ddk
ab =_ 3

2mI28(p, q) = — 3k tr(T9TY) fﬂ o tr[2mysSp(k +p+1)

XV +p+Lk+ DS+ VK +1k—q+DSp(k —q+D], (1.15)
and by
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4k4 tr{‘yS[M(k+p+[)+]|7[(k~q+[)] Sptk+p+])

a - rod
an(p,q)——k tr(T"T"’)_j;T 2

)

XV Ok +p+1Lk+ DSk +D VI +1,k - g+ D) Spk — g+ D}, (1.16)

where we have set for brevity
M(k)=6r —2r 2 (cosk — §cos 2k), . (1.17)
p

In this way we can give the deviation in one loop level from the tree axial Ward identity of eq. (1.6). In momen-
tum space, it can be written as

T%(,q) =

21— expl-i(p + DI 0, 0) + 5 L {1~ exp 2000 + DI P (o ) — 2mTE(p,0) - X22(p,0)

v v

~ o dk . .
=k t(Te1?), [ tr {ys [MGc + 1+ p) +if (e + 1+ p)] + [M(e — g + D) +iSCk — g+ D7s]
I @y
X Spk+p+ DV +p+ Lk + D) Sp + D VD + Lk —q+ D Sptk—qa+ D}, (1.18)
where
M(E)=3m +6r — 2r 25 (cos k — } cos 2k),= M(k) +3m , (1.19)
p
and
Sk =2 2, (sin k — §sin 2k), . (1.20)
u

After taking the trace, we obtain

s
a4k
T%%(p,q) +T2%4q.p) = —16g% t(T?TP)e, 5, f W[cos%(2k+p+2l)ﬂ—%008(2k+p+2l)ﬂ cos3p,]
-
Sk +1)
8
X L@k +21-q), —Lcos(2k + 21 — q), cos 3
[cos 3( q), — acos( q), qu]Mz(k+[)+S2(k+l)
S (k+i+ S (k+1 -
( ol p) _ ol Q) )+(p6q’uw)’ (121)
M2k +1+p)+82(k +1+p) M2Ak+1-q)+S*(k+1-q)

where we have set

S,(k)=2(sink — gsin 2k), , S*(k)=4 2 Gink — Lsin 2k)2 . (1.22)
u

We now expand (1.21) in powers of the external momenta and keep terms up to second order

T22(p, q) + TE2(q. )= (€2/4n2) ti(T*TP) ey, 5, P00 5(c — DIC) (123)

where I(r) is the integral
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3 T M(k) I} _ (cos k — §cos 2k), M(k)

I(r)= lim = d4k , 1.24
m=0 12 f M2(k) + S2(R)]? (429

with 4 (cosk — Lcos 2k)? + (sin k — Lsin 2k) (sin k — L sin 2k)

M) =2m+6r—22 : £ ° 2 : £ (1.25)

0 (cos k — zcos 2k),

In a similar way we get the vector Ward identity

?ip# [I‘gﬁv(p,q)+ I‘g,‘,’#(q,p)] = (g2/8n2) (T TP)(c — d + 2)€,,,,0,4,1(") - (1.26)

The total axial anomaly contribution is then

X2p,a) + X22(q,p) = Q221m?) tr(TTP)e 0, Pl ) (1.27)

where we have defined

~ T M(k)T,(cos k — 3 cos 2k) M(k)

T0)=lim 32 f a4 ° L (1.28)

m—0 72 J_ [M2(k) + S2(k))3
The coefficients ¢ and d are determined by requiring that the vector Ward identity be satisfied
d-c=2. (1.29)

Now a very careful treatment for the anomaly coefficients /() and 7(r) is needed. Generally speaking, the regular-
ization parameter « can be sent to zero only after the momentum integration has been performed. This means
that in the integrand of the expressions in egs. (1.24) and (1.28), the parameter m goes to zero but cannot be set
to zero.

To proceed further we divide momentum space into 16 regions and calculate each fermion species contribu-
tion to the anomaly separately. It is known that in the ordinary (nearest neighbor) generalized Wilson fermion
action (the action of eq. (1.2) with the next nearest neighbor terms) one has on the lattice 16 fermion species in-
stead of the one expected in the continuum. All of them except one have a mass of the order of the cutoff. In
Wilson case, at & = k the particles at pa = [n, 0, 0, 0] have a mass 2r/a (and there are 4 of them), at [n, 7, 0, 0]
amass 4r/a (6), at [7, 7w, m, 0] amass 6r/a (4), and the one at [7, 7,k, 7] a mass 8r/a (1).

Here, as in the ordinary Wilson case, the different species are classified in 5 categories with multiplicities
Cy=1,C1=4,6,=6,C3=4,C4 = 1. The total anomaly can be decomposed into its 5 species contributions and
written as

4
16)= 21 C;5,() (130)
pa
and analogously
4
T =J§ ¢ (131)
with
B‘ r) = h A. r’ s 1.32
)= lim 4,0, m) (132)

T2 M), (cos k — Lcos 2k), Mk
40, m)=>2 [ T a-l : M)

w2 [MA(k) + S2(K)] 2 ’ (139
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Bi(r)= lim 4;(¢r,m), (1.34)
m—0
/2 M(k)II (cos k — cos 2k), M(k)
A(rm) = f d4k Al =t (1.35)
2 [M2(k) + 52 (K)]
The momentum shift operator T is defined as
T]f(kl, k2, k], k]""l’ ) —f(kl + T, k2 +m, ... k] + 7, kf+1’ ...) s (1 .36)

with ?0 =1andj=0,1,2,3,4. Zj(r, m) is a continuous function of m and we have Ej(r) = Z]-(r, m = 0). By
using the following identity (valid for any value of m)

(1+l 24) (sink — ksin 2K), i) ] M)
4 -

, 1.37)
p=1 (cosk — jeos 2k), Ko/ [M2(k) +S2(K))2  [M2(k) + S2(K)]
one can easily show that the integrand of A4 -(r m) and Zj(r, m = Q) can be expressed as a total derivative
m/2 (sin k — 5 sin 2k), 11 ,(cos k — 5 cos 2k)
B(")= lim % [ a7, Z) ( 5 2 ‘”;" ; ‘ "), (1.38)
m=0 " Zupa TAS1 dky [M=(k) + S4(K)]
~ /2 . (sin k - §sin 2k), II_ ., (cos k — 3 cos 2K)
B,-(r):—s— T 2 (%( : A oA ! ’ ) (1.39)
72 -y a=1 Gay [Mz(k)+ SZ(k)]Z lm=0
After integrating over one momentum in (1.38) and in (1.39) we get
EO=BO—l=ﬂ_24JO—1 s El =Bl=—‘ﬂ_‘2y(J0—3J1), EZ=BZ=—1T—2(2‘II_2‘]2)’
E3=BB=_1[—2(3J24J3), E4 =B4=——1T_24J3 , (140)
where we have set
/2 ~ I3 _, (cos k — 3 cos 2k)
5=16 [ kT ———p et - A , (1.41)
{Bm+%5r—2r 23 (cos k — Fcos 2k)2] 24444 23 (sin k — sin 2k)2}2

—nf2
i=0,1,2,3). The difference betweenB and B comes from the 1nfrared singularity in B From (1.30),(1.31)
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Fig. 2. (a) The behavior of the anomaly coefficient 7(r, m) (see eq. (1.27)) for the Wilson action. (b) The behavior of7(r, m) for
the improved action. (¢) A comparison of I (#, m) for the Wilson and improved actionsatr =1,
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Table 1
I (r,m) for the Wilson and improved action.
r m I(rm)wilson action I, M)improved action
1.0 0.01 -0.897 —0.981
0.1 -0.520 -0.824
0.2 -0.329 —-0.675
0.5 -0.116 —0.366
1.0 —-0.0324 -0.138
0.5 0.01 -0.934 -0.980
0.1 -0.628 —0.818
0.2 —0.432 -0.666
0.5 -0.162 -0.358
1.0 -0.0402 -0.129
0.1 0.01 -0.897 ~0.925
0.1 —0.395 -0.496
0.2 -0.190 -0.277
0.5 -0.0362 -0.0723
1.0 —0.00470 -0.0139

and (1.40) we obtain form =0
=0, T(r)=-1. (1.42)

We have therefore shown that the improved action gives the correct anomaly in the continuum limit, and that the
deviation in one loop level from the tree level axial Ward identity is zero.

In figs. 2a and 2b we present the behavior of 1(r, m) for the Wilson and improved fermion actions as a function
of r and m, respectively. A comparison between them shows (see fig. 2¢) that the improved action gives a more
reasonable value for the anomaly coefficient at finite m than the Wilson action. Figs. 3a and 3b also show the in-
dividual contributions of each fermion species to the anomaly. (See also table 1.)

Because of the connection in (large &) QCD between the anomaly and the n’ mass, our calculation would sug-
gest (if one assumes proportionality between 7(m, r) and m, ') a strong suppression of the 7 — n' isospin splitting

LN B S B SN S M U R N S |
a-
-(
<
—_ . .
o
- 4 o
E £
o — -
~— - By(r,m=0) <o -
& s
wmor w
B Bz (r,m=0) Eo(f.m=0)—
-1 —
T WY U0 U N MR TS SR S N N 1
o] Ll 2

Eig. 3. (a) The behavior of §,’ (r,m = 0) (see eq. (1.31)) for each fermion species for the Wilson action. (b) The behavior of
Bji(r, m = 0) for each fermion species for the improved action.
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for finite and not too small quark mass in the Wilson fermion case. When the improved action is used the
splitting should increase significantly. A too small value for the i’ mass was in fact suggested by recent numerical
studies at g2 =1 [8].

2. Relationship between decay constants on the lattice and in the continuum. A set of quantities that can be
easily computed by Monte Carlo simulation are the meson decay constants. It is known that the values of the
meson decay constants on the lattice in the Wilson case are about a factor two larger than their experimental val-
ues [8]. The authors of ref. [9] have computed the first order perturbative correction that relates the continuum
and lattice local operator in the Wilson case. But it appears that the corrections are still too small to compensate
for the observed discrepancy.

Let us give here some predictions for these quantities in the case of the improved action. The relevant local
operators used in Monte Carlo simulation to measure the meson masses and decay constants are of the form

0;(x) = V1 () T;¥,(x) (2.1)

where Y ,(x) are the quark fields of flavor 1,2 and I} is one of the 16 Dirac matrices. The meson decay con-
stants are defined as follows

(my +mp) OV 75Uy D=2 fpmf . (my — mp)OIV, 9118 =fm3

OV 7, Y1 IV =fylmie,, ©OIVv57, ¥ 1A =frim2e | (22)
“ vV 'Viu M A A u

where m; , are the quark masses. P, S, V and A denote the pseudoscalar, scalar, vector and axial vector meson
respectively.

The matrix elements of the currents on the LHS of eq. (2.2) depend on the regularization procedure. At one
loop level one has:

[(my + MmO, 1s ¥ 1P cony = (1 + (ag/4m)CRAp)[(my +mp) Ol 75 V1 1P 1aey »

(<ol %7“ U1V cont = (1 + (@ 4M)CRAVI [O1 Y27, ¥1 V] 1 (23)

and similarly for the scalar and axial vector mesons (Ag and A, ). The coefficients Ag p 4 can be computed
in perturbation theory. By calculating the O(a) diagrams for the vertex correction and quark self energy (see fig.
4) on the lattice and in the continuum we get

Asp=B1yst 8z, AVATAy 050, A2y (2.4)
where
1 —
Aty =4 = Fogo1 — D¥m2Uy 21, —13) s Ay ooy =7 = Fooo1 — 2 +4n2GL 731y — 1),
A, =—4n2ly, (2.5)

Ou,p

Fig. 4. (a), (b) One-loop diagrams for the vertex correction and the quark self energy.
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Table 2
Some values of A.

r AEI AEZ Aq A'YS A7“ A'YS'Y/.L Aguv
0.0 -3.95 10.6 -26.6 —26.6 -7.66 -7.66 0
0.2 —-4.17 9.18 -17.5 -22.6 -7.63 -5.09 —0.44
0.4 —4.75 6.16 -10.6 -18.2 -7.23 —3.45 -0.98
0.6 -5.53 3.13 —7.44 —15.1 —6.75 -2.91 -1.34
0.8 —-6.42 046 -5.85 —-12.9 —-6.32 -2.76 -1.59
1.0 -7.35 —1.88 —4.94 -114 -5.99 -2.74 -1.75
with
T d4p r Ay AcA
8 547 d4
I = 4[ 37 A2 } D= f p4 T (90385 =383, #3801
. (4m 4/_\1 A3A, . @Qm)* AZA,
m
d4
Iy= f b (728504 + 240241,
@)t A2A

2
=§> sin 3p,, A =(§r§ sin4%pp) + 18 ?(sinpp —gsin2p,)2, A, =Zp> sin4 ;—pp,
8= D (eos b - hoosp) (s bp—dsinpyy(sinp —bsin20), , &g =G T (eos 1p § cosp?,
3 )

26=()? LiGingp ~ysinp)}, Ay=()? LGsinp - gsin )], Ag =2 sin%p, . (2.6)
o I o

and 7 is Euler’s constant. The quantity Fq91 = 1.3109 is defined in ref. [10]. From egs. (2.4)—(2.6) and the ex-

pression for Z; and Z, given in ref. [1]

A, , =2 - Y 27)

we obtain numerically the correction coefficients. These are shown in table 2. From the numbers in table 2 we
finally get

£ = [+ (ag/a4m)Cpa, ) f2 1 = (1 — 0,112 g2)flatt (2.8)
£l =11+ (o/4m)Cpa, 1(F, et = (1 - 0,112 g2)(f; latt (2.9)

for r =1 and SU(3).

3. Conclusions. In this paper we have presented some analytic results for the axial vector current anomaly and
the finite renormalizations of local currents on the lattice for the improved fermion action. This allowed us to in-
vestigate the regularization dependence of the anomaly and discuss the possible relevance of our results for the
problem of computing the 1" mass in lattice QCD. Since we have found the anomaly coefficient for finite quark
mass to depend significantly on the fermion action regularization, we expect a similar situation to arise also in the
case of the ' mass.
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